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Abstract 
In the past, there have been many attempts to capture the size and shape infonnation 
inherent in complex irregular objects by numerical representation. There is much to be 
gained in a biological sense by numerical description of complex fonns, like the cranio-
facial complex, in the field of dentistry. This thesis aims to review, utilise and build on 
past research methods in an attempt to describe the size and shape changes of a sample of 
human mandibles from the age of 9 through to 15 years. Specifically, two methods are 
considered and contrasted, the elliptical Fourier function and Procrustes analysis 
(including Bookstein co-ordinates). 
In chapter 1 the background and motivation for such an investigation is introduced, 
describing the need for a mathematical description of complex irregular fonns with an 
emphasis on the importance of such models in dentistry with particular reference to the 
way in which the human mandible grows over time. The methodological and clinical 
issues of the problem are outlined, including a summary of up to date methods that have 
been used to capture size and shape infonnation of a growing complex morphological 
fonn and an overview of the way in which the mandible grows. Both the so-called 
landmark dependent and landmark independent (boundary outline) methods are 
summarised. Whilst all the methods considered are not without constraint in describing 
the size and shape of complex forms, all have been seen in the past to be beneficial in 
some way in that they all model 'form' in one way or another at the very least. 
Chapter 2 then considers in more depth, what is fast becoming a much-promoted method 
of describing irregular forms, the elliptical Fourier function (EFF). The use of 
conventional Fourier methods, as well as the newer EFF method in describing size and 
shape changes is reviewed. A suite of programs that have been specially written to apply 
the EFF method in the description of complex irregular forms -is introduced and an 
overview of the specific routines available in the package is given. 
The data sample available for investigation, which consists of a series of lateral head 
cephalograms (x-rays) from the BC Leighton Growth Study, is described in Chapter 3. 
The way in which a subset is selected following certain inclusion and exclusion criteria 
from the available x-rays is outlined. The way in which the mandibular data is then 
prepared for subsequent use in the EFF suite of programs, as well as with the method of 
Procrustes (and Bookstein co-ordinates) is also described in some detail. 
In Chapter 4, an error study is undertaken to investigate the reproducibility of the 
tracings of the sample of mandibular outlines prepared in the previous chapter. Both 
11 
within- and between-rater studies are looked at. The EFF method is then applied to the 
sample of tracings collected by one observer to explore any changes in size and shape 
that may occur as the mandible grows, concentrating on ages 9, 11, 13 and 15 years. As 
well as producing some very informative plots of the observed and predicted mandibular 
outlines, and centroid to boundary outline distances, the usefulness of the harmonic 
information available from the EFF procedure for numerically describing size and shape 
changes of a complex irregular form is investigated. Whether or not there are differences 
between males and females in the data sample, in terms of the size and / or shape of the 
mandible is also explored. 
Finally, the method of Procrustes analysis (and Bookstein co-ordinates) is described in 
more depth in Chapter 5. This particular method is also applied to the same sample of 
mandibular outlines in order to investigate its usefulness in describing size and shape 
changes of the human mandible from age 9 to 15 years. Shape variability within samples 
is also explored by way of principal components analysis. In addition, the method of thin 
plate splines (TPS) is applied in order to examine shape change between males and 
females. 
Similar observations were made about mandibular growth in the sample investigated 
using both the EFF and Procrustes (along with Bookstein co-ordinates) procedures. 
Overall, the mandible was observed to be 'growing' between ages 9 and 15 i.e. changing 
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in both size and shape over a period of time. There was no difference in terms of the size 
and shape of the bone between males and females in the sample, for each age. Further, 
using Procrustes analysis (and Bookstein co-ordinates) there did not appear to be any 
association between the size and shape of the mandibular outlines in either the male or 
female samples, for all ages. In addition, investigating shape variability using Procrustes 
methods by way of principal components analysis, resulted in broadly similar patterns for 
males and females, as well as combined samples, and different age groups. 
It is concluded in Chapter 6 that the methods of elliptical Fourier function and Procrustes 
(and Bookstein co-ordinates) both provide a very useful framework in which to describe 
the size and shape of complex irregular forms like the mandible. Although both methods 
have their advantages and disadvantages, Procrustes (including the very useful method 
using Bookstein co-ordinates) is preferred for statistical purposes. 
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Chapter 1 
Introduction 
1.1 Background and Motivation 
1.1.1 The Mathematical Description of Complex Irregular Forms 
What is 'shape'? Let us consider a standard dictionary definition of the word shape 
(Combined Dictionary and Thesaurus 1995). 
Shape: the outline or form of anything; form; outline,' silhouette; profile; lines; 
contours 
From this definition, how do we actually 'describe' shape? What is meant by outline; 
by form; by silhouette? In particular, how do we describe shape in numerical terms 
rather than words? 
Shape is a familiar concept. It is a word we use in everyday language, without 
thought, or quantification. The shape or overall appearance of an object can be 
described in many ways, as in the above definition. Such descriptions are usually 
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qualitative in nature, often in terms of another, more familiar shape - the world is 
round, for example. We all know what round means, and can easily visualise 'round', 
but how do we quantify 'round'? The human visual system uses shape as an important 
feature to recognise and order things in the world that surrounds us. We are all capable 
of recognising shape and associating shape, and it is probably because of such ease in 
recognition and association that we have not developed a rich vocabulary for 
describing shape, let alone ways of quantifying the shape of something or indeed 
differences between shapes. How then do we capture this very subjective boundary 
information of any 'shape' or 'form' in mathematical terms? And why would it be 
useful to do so? 
The analysis of shape has a long, well established place in history and is by no means 
exhaustive in nature. Applications are diverse and span many branches of the arts and 
sciences, including the rapid identification of aircraft in engineering (Kuhl and 
Giardina 1982) and the classification of species of mosquitoes by the shape of their 
wings in biology (Rohlf and Archie 1984). 
1.1.2 The Importance of Size and Shape in Dentistry 
Observations and studies on shape and changes in shape (as well as size and changes in 
size) of the mandible have their own place in the history of shape analysis. The way in 
which the mandible grows i.e. changes in size and shape over time, is of great 
importance in many branches of dentistry, particularly orthodontic dentistry. 
Mandibular bone growth is a complex process, a summary of which is given in section 
2 
1.3, and it is the job of the orthodontist to ensure that this growth is as 'normal' as 
possible. During normal growth and development of the face, compensatory changes in 
the path of eruption of the teeth occur which tend to even out positional changes 
between the jaws. If such compensation is insufficient or does not occur at all, 
defective occlusion (the way the teeth 'meet' when you bite down together) and 
irregular spacing of the teeth will result. It is the job of an orthodontist to monitor and 
predict such problems. If a baseline of data on 'normal' growth changes of the 
mandible during a child's development could be identified, the orthodontist would be 
able to tailor any treatment plan required for individual patients. In fact, if such a 
baseline of information concerning the normal longitudinal growth and development 
patterns of the craniofacial region could be provided, earlier diagnosis of developing 
malocclusion might be possible and therefore intercepted thus minimising, or hopefully 
eliminating the need for any corrective therapy. The mechanics of size and shape 
analysis would allow monitoring of any improvement attributed to treatment given, to 
be compared to such a baseline of data on 'normal' growth changes. For example, 
consider an 8-year-old child who attends a dental surgery and happens to need 
orthodontic treatment. The orthodontist would be able to utilise a baseline of data to 
help decide what a 'normal' mandible should look like at the age of 8. The child could 
then be treated accordingly, using some functional appliance to encourage or inhibit 
bone growth so that, at the end of the treatment period, that child's mandible would be 
as normal as possible in terms of the size and shape of the bone. If however, that same 
child had gone for regular exploratory examinations, the orthodontist might have 
noticed some problem developing, using the baseline of normal growth changes of the 
mandible, and intercepted sooner using some non-surgical technique, hopefully 
avoiding the need for corrective therapy at a later date. It would be of interest therefore 
3 
to assess the differences in size and shape between a 'normal' mandible and what looks 
like a 'non-normal' mandible that would of course require quantification of the size and 
shape of the mandible. 
An orthodontist (or indeed anthropologist) might also be interested in the change over 
time of the size and shape of the bone. They might also wish to examine I assess 
whether there are any size and shape differences between males and females, or 
differences between different ethnic groups. Again such comparisons would require 
quantification of the size and shape of the mandible, or indeed size and shape changes 
overtime. 
Further, diagnosis and treatment-planning objectives from a parental point of view is 
often aimed at producing a pleasing dental and facial appearance. Seldom is a child 
brought to a dental surgery by an anxious parent due to lack of functional efficiency in 
the dentition. A dentist and I or orthodontist on the other hand, will almost certainly 
have other aspects on their agenda. In addition to the aesthetic look of a face, they 
must be concerned with the quality of the individual teeth, and the functional 
efficiency and stability of the masticatory apparatus (chewing, biting, grinding, 
talking, laughing etc), which is not static during childhood. The dentition and 
occlusion are undergoing constant change during the process of normal bone 
remodelling and development and any dentist and I or orthodontist must be familiar 
with the constantly changing picture. They must also be aware of the influence of 
ethnic factors as well as characteristics inherited from each parent, and whether the 
child is male or female. Armed with this knowledge, the dentist and I or orthodontist 
should be able to recognise abnormalities during the early stages of a child's 
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development and advise upon any treatment that might be necessary. All such 
observations and considerations require quantification of size and shape for accurate 
description. 
The initialisation of such quantification began almost certainly with the discovery of 
X-rays by Roentgen in 1895. Before this, researchers had to rely on post-mortem 
analysis and observation of patients with craniofacial defects. In fact, a great deal was 
already known about the size and proportions of the head before x-rays became 
available. Hippocrates (460 - 357 B.C.) was a pioneer in describing the variety of 
skull forms, and Leonardo da Vinci (1452 - 1519) applied specific head measurements 
to assist in his study of the human form. In addition, many scientific researchers have 
studied the human skull in great detail, and the changing dimensions and proportions 
of the face that occurred during growth came to be appreciated. However, although 
these early observations and studies were as thorough as they could be, they suffered 
from two fairly obvious deficiencies. First, the aid of calipers in measuring structures 
like the human head was crude and second, no accurate longitudinal studies were 
possible due to such a crude measuring system. These shortcomings were overcome to 
a certain extent with the invention of x-rays where precise measurements of the bony 
structures of the head could be made without interference from the soft tissue 
structures. Also, serial head films could be taken of the same person allowing 
observation of a child's growth and development over time, utilising certain 
techniques of superimposition of serial head films. In short, skull radiographs could 
now be used to isolate, observe and compare craniofacial bone development. Indeed, 
since the roentgenographic cephalometric technique became popular, the term 
cephalometries has become synonymous with head films and the determination of 
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angles and distances between radiographic .Iandmarks (as opposed to the meaning of 
cephalometries in its classic sense defined as simply ' measurement of the head ') . 
Further, the invention of the cephalostat simultaneously by Broadbent in the USA and 
Hofrath in Germany in ] 931 allowed more meaningful and precise comparisons 
between individuals and within individuals over time. The cephalostat (or head holder) 
illustrated in Figure 1.] below, is a standardised system of cephalometric radiography 
and most radiographic head films are still taken according to these standards . 
~F .. t-
Film 
Figure 1.1 The CephaJostat. 
The cephalostat ensures that the head is restrained in a precise manner. Films are taken 
using the cephalostat with the Frankfort plane horizontal , the teeth in occlusion, the 
adjustable ear rods positioned in the external auditory meati (holds the head stab le 
antero-posteriorly and prevents lateral rotations) . The source of the x-ray is set 5 feet 
from the middle of the cephalostat, and the central ray is designed to pass through the 
ear rods . Updated versions are obviously used today which are less obtrusive and less 
expensive than the original , but the method remains the same in that the positioning of 
the head and the distance between the head holder and the x-ray unit remain the same. 
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The orientation of the patients' head is then, standardised and consistent, which allows 
valid comparisons among individuals, and consistency in longitudinal studies. 
Subsequent research into facial growth and the results of orthodontic treatment have 
had a major impact on orthodontic theory and practice. References include Broadbent 
1937, Bjork 1955, Harris 1962, Bjork and Skieller 1972, Enlow 1975, Bjork and 
Skieller 1983, McNamara 1985, McNamara et a11985. Longitudinal growth studies in 
particular have provided population norms for the purposes of comparison and insight 
into normal and abnormal growth trends. 
The past few decades have seen further advances in orthodontic treatment, coupled of 
course with those in orthodontic appliances, capable of considerable precision in 
correcting irregularities of the teeth by manipulating bone growth. The demand for 
more accurate information about the way in which complex morphological forms, like 
the mandible, change in size and shape over a period of time has therefore increased. 
This could be considered particularly important to individuals and orthodontists alike 
since the size and shape of the mandible ultimately determines the size and shape, and 
thus aesthetic look, of the lower part of our faces. 
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1.1.3 How do we capture 'form'? 
In order to assess and compare differences in size and shape for different forms then, 
we would like to be able to capture all the visual information readily seen, on the size 
and shape of a complex form like the mandible, in mathematical terms. Visualising 
and describing regular, geometric objects like circles, squares etc is fairly easy and 
well established where it is just as easy visualising irregular forms like the mandible. It 
is not so easy however, to describe complex irregular forms mathematically. While 
growth has been simply defined as a change in dimensions over time (Huxley's 
allometry equation 1924 and 1932), this is clearly an oversimplification when complex 
shape changes occur, in other words, the measurement of shape is further complicated 
by the process of growth. It is possible however to partition the overall growth of a 
form into separate components of size and shape. It is widely reported that Form = 
size + shape (Needham 1950, Penrose 1954, Sprent 1972, Healy and Tanner 1981) but 
it is still not at all clear what linear measurements show the correct size increases 
during growth and which available measurements can adequately and efficiently 
describe shape changes. Size can be defined as a quantity that depends upon 
dimensional space. In a one-dimensional world, differences in size can be viewed as a 
difference in vector length. In two dimensions, linear measurements in combinations 
(such as ratios) have proved to be inadequate (Dodson 1978 and related citations) and 
area becomes one definition of size, and in three dimensions, volume would be an 
appropriate measure of size. Shape, on the other hand, is a difficult quantity to define. 
It is thought to be the 'residual', or what is left over after controlling for size, that 
which remains invariant under scaling, translation, rotation and reflection (Lele 1991). 
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Consequently, the development of quantitative procedures which accurately describe 
growth patterns of complex irregular forms, like those encountered in morphological 
studies of biological organisms, has prompted a great deal of research effort over the 
last century. 
1.2 Review of Existing Methods for Describing Complex Irregular 
forms 
One of the first workers to attempt to deal with morphological size and shape changes 
was 0 ' Arcy Thompson . His classic work on Cartesian transformation grids, On 
Growth and Form, was first published in 1917 and reissued in 1942 (Figure 1.2). 
Figure 1.2 D'Arcy Thompson's CtlIiesian transformation Grid. 
By using these so called Cartesian transformation grids, he illustrated that the external 
configuration of organisms could often be transformed, one onto another. Instead of 
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comparing the actual corresponding points on two configurations using a fixed co-
ordinate system, he transformed the co-ordinate system for the second configuration 
so that corresponding points in the two co-ordinate systems had identical co-ordinates. 
The transformations to do this were however, often mathematically very complicated 
and so this method was often used for descriptive purposes only. 
This method has however been the impetus to newer approaches however, such as 
Biorthogonal Grids and Finite Element Methods introduced in sections 1.2.2 and 
1.2.3, in attempts to quantify size and shape changes of growing irregular forms. 
According to Goldstein 1979, the first to quantify size and shape changes in a general 
way was Huxley 1924 and 1932 by the introduction of the study of allometry. 
Allometry is simply the study of the relationships between size and shape, differences 
in shape associated with size, in particular the manner in which shape depends on size. 
Huxley attempted to quantify size and shape changes using what became known as the 
simple allometry formula, where two size variables x and y satisfy, at least 
approximately, a relationship of the form y = axP or log y = P log x + log a. This 
formula was used to describe the relationship between the growth of part of an 
organism, to that of the organism as a whole. Mosimann 1975a, b and 1988, became a 
well-known name in the study of allometry. Reeve and Huxley 1945 discuss the pros 
and cons of using the simple allometry formula to describe size and shape changes of 
complex forms as well as discussing deviations from it. A general overview of some 
of the work done in this field which involved the fitting of linear or non-linear 
regression equations between size and I or shape measures is given by Sprent 1972, as 
well as an outline of some other alternative approaches to studies of size and shape. 
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Allometric descriptions of growth of this kind are fundamentally different to the 
boundary-outline and landmark-based methods that are introduced later. Richards and 
Kavanagh 1945 attempt to combine the simple allometry formula with D'arcy 
Thompson's Cartesian transformation grids, with some success in the description of 
size and shape changes of growing complex forms, although not without limitation. 
The literature relating to such 'traditional' techniques then is sizeable. There has also 
been much written about some of the more current analytical methods which are used 
to describe irregular biological forms. These more recent methods can be considered 
as being split into two broad categories (Read and Lestrel 1986, Chen et al 2000). 
Some may be described as homologous point methods (where each point on the form 
relates to exactly the same point, usually anatomical position, on any other similar 
form). Others are described as boundary outline methods (where the whole outline of 
the form is characterised by a set of closely related points), which can be further 
divided into techniques and applied to data sets, some of which are discussed in 
Lestrel1989a and 1997a, b. 
Homologous point approaches include Conventional Metrical Analysis (CMA)~ 
Biorthogonal Grids (BOG); Finite Element Method (FEM); Euclidean Distance Matrix 
Analysis (EDMA); Thin Plate Splines (TPS) and Procrustes Analysis (PA). Under the 
boundary outline methods umbrella we have Medial Axis Analysis (MAA); Resistant-
fit Theta Rho Analysis; Eigenshape Analysis and the Elliptical Fourier Function (EFF) 
method. Each of these techniques will now be briefly described and discussed in turn. 
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1.2.1 Conventional Metrical Analysis (CMA) 
Conventional metrical analysis is a method which was developed in the main for 
measuring regular geometric objects, not objects of the type typically encountered in 
craniofacial morphology studies and other branches of biology and the like. It is 
considered to be a homologous point representation and consists of distances, angles 
and ratios from or between such points, rather than the actual points themselves. To 
consider these measures however, is thought to be inferior to using the actual co-
ordinate points of any outline or boundary of a form, because the geometry of that 
form is essentially being ignored. Ratios of distances can often be calculated from the 
actual co-ordinate points for example, where the converse is not generally true. The 
possibility that size and shape are confounded cannot be excluded when using CMA as 
a method for describing form, as well as the problem of angular measurement of shape 
since the shape inside an angle could indeed be any shape. This is not to suggest that it 
is useless, far from it, since it clearly depends on the questions asked. It is a good 
overall descriptor of size and shape and problems arise only when the quantification of 
complex shape changes is of central importance. In spite of its shortcomings then, 
CMA has been, and still is, widely used in a biological setting (Corruccini 1973, 
Krieborg et al 1981, Roberts et al 1983, Strauss and Bookstein 1982). Specifically, 
there are many applications of CMA in dentistry (Mills 1970, Bibby 1979, Kerr 1979, 
Q'Reilly and Yanniello 1988). Figure 1.3 illustrates the angles that are typically 
calculated in cephalometric analysis, in the Glasgow Dental Hospital and School. The 
form used to collect such information is given in the Appendix. 
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Figure 1.3 Illustration of conventional cephalometric analysis in dentistry. 
The most common x-ray of the head, specific to craniofacial description, which includes 
the mandible, is the lateral skull radiograph (cephalogram). An example is given in the 
Appendix. A typical head film reduces the three-dimensional head to a two-dimensional 
representation of the head. In order to compare cephalometric radiographs, the outline 
of the relevant structure has to be traced and the traced outlines can then be 
superimposed on one another. Meaningful comparisons are made by superimposition on 
a precise registration point, which should be as free as possible from the influences of 
growth (usually Sella Turcica when considering the craniofacial complex). Further 
location is required in order to orientate the tracing around the registration point, and 
the line Sella-Nasion is frequently used for this. Principal landmarks and planes are 
identified and drawn on the tracings so that appropriate distances and angles can be 
measured, some of which are illustrated in Figure 1.3. Linear distances and angles that 
are typically calculated in cephalometric analysis, specific to craniofacial description are 
given in the Appendix (adapted from 'A Textbook of Orthodontics ' edited by Houston 
et al 1992). 
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Commonly known as 'multivariate morphometrics' in biology (see Reyment et al 
1984 for a review) and in the context of conventional cephalometrics, the linear 
distances between points measure size, whilst angles, being independent of size, are 
used as 'shape' measures. Ratios of these measures are also calculated and typically 
submitted to a multivariate statistical analysis (Rao 1948). Problems with these 
measures in this context are instantly seen since, when dealing with two- or three-
dimensional morphological forms such as the mandible, how can a single linear 
distance measure the 'size' of such forms? Are such measurements comparable over a 
range of forms? Surely a single linear distance just serves as an overall size measure, 
where area would have to be taken into consideration in order to standardise for size 
across all forms. Also, the 'shape' measure of angles is surely not measuring shape in 
a true sense at all, since the shape within an angle could be anything. In addition, 
much effort has gone in to standardise even this simple linear, ratio and angular 
measurements in order to make meaningful comparisons between forms. The 
biometric technique for measuring the human mandible was first described in a paper 
entitled 'A First Study of the Tibetan Skull' by Morant in Biometrika in 1923. Many 
problems existed in several observers' measurements taken of the same series of 
specimens however, since it was difficult to specify the extent of defect that made it 
necessary to exclude a particular measurement, as well as differences in personal 
equations used in identifying particular measurements. These problems are highlighted 
in the early literature where, although measurements of several thousand mandibles 
taken for anthropological purposes have been published, they are actually of little 
value in a quantitative sense. This is primarily due to the fact that the technique of 
measurement differs, or is modified, and therefore is not standardised 'across the 
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board l • Also, many of the data obtained by following the techniques that have been 
most widely utilised cannot be compared accurately in cases where direct comparison 
should be possible (as discussed by Morant 1930). Techniques that capture Iform l in a 
quantitative manner that can be directly compared over a series of forms would then 
be very useful. 
Such problems and issues with CMA have been discussed in a general biological 
context by many authors including Medewar 1950, Zuckerman 1950, Corruccini 1973, 
Lestrel 1974, and Bookstein 1978. Colourful debate on the theoretical and practical 
use of CMA for the description of complex forms can be found in papers by Blackith 
and Reyment 1971, Atchley et al 1976 and 1978, Corruccini 1977, Albrecht 1978, 
Hills 1978, and Dodson 1978. 
As way of a summary, it IS thought that the deficiencies of conventional 
cephalometrics stem from 
1. a limited number of isolated landmark points are usually employed (where there is 
unavoidable bias in the choice of these landmark points) 
2. an incomplete mapping between the measurement set and the actual morphology 
3. a derived multivariate space - it would be easier to interpret pictures in original 
space rather than some derived multivariate space 
4. the fact that the interpretation of linear combinations of lengths, angles and ratios is 
difficult 
5. the use of a measurement system intended for regular geometric objects and not for 
irregular morphological forms of the type encountered in craniofacial biology. 
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Such limitations found researchers seeking alternative methods for the size and shape 
description of complex fonns. 
1.2.2 Biorthogonal Grids (BOG) 
Developed by Bookstein (l978, 1982, 1983 and elsewhere), biorthogonal grids is 
another method used in an attempt to quantify size and shape changes of growing 
irregular morphologies. This method shares a common element with conventional 
cephalometries in that it is also considered to be a homologous point representation, 
again dependent on anatomical landmarks, chosen at the obseIVer's discretion. It is 
related to the finite element method (FEM) of size and shape description (see section 
1.2.3), where the method of BOG represents the simplest fonn ofFEM. Although both 
methods are dependent on homologous points or landmarks, which have to be 
identifiable across the fonns that are to be compared, they deal with many of the 
shortcomings of conventional metrical analysis, the major advantage being that they 
are both invariant with respect to the co-ordinate system. 
In BOG, any three homologous points can fonn a reference triangle (Bookstein 1977, 
1978). A concentric circle can then be drawn touching all three sides of the triangle. 
With growth or treatment, changes in the position of the homologous points that 
characterise the fonn under scrutiny means that a new triangle is fonned. If the 
relative position of the circle's contact points is maintained, the defonnation of the 
reference triangle into the second would transfonn the circle into an ellipse. Thus, the 
circle would be effectively stretched along one axis and the direction of this distortion 
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may be calculated. The longest and shortest diameters of the ellipse are known as its 
principal axes and these lengths can be measured. The greater the discrepancy between 
them, the larger the difference in shape. Bookstein suggested that this change in shape 
be expressed as a ratio, the larger axis measurement divided by the smaller i.e. major 
axis divided by minor axis measurement. Changes in size were described as the 
product of these two lengths. BOG is then measuring size and shape change between 
two time points of the same form, rather than the size and shape of the form at time 
points one and two separately. 
Examples of such applications of BOG to describe size and shape changes of complex 
forms can be found in Bookstein 1977 and 1980. 
1.2.3 Finite Element Method (FEM) 
The FEM has been borrowed from engmeenng where it is a well-established 
procedure for measuring the effect of stresses or loadings on engineering materials 
(Bathe and Wilson 1976). It has been adapted to the task of characterising shape 
changes and like conventional metrical analysis and biorthogonal grids, the finite 
element method of quantifying size and shape changes of complex biological forms is 
limited to homologous points. It is very similar in mathematical terms, to the method 
of BOG. It too is invariant with respect to the co-ordinate system, it is registration free 
since it provides information about the 'stretching' of elements rather than the 
movement of landmarks relative to the co-ordinates system. The FEM can also be 
extended to describe three-dimensional data. 
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Hexahedrons or cubes in the context of FEM replace the triangles in BOG. Each cube 
element is composed of eight homologous points in the x, y, z Cartesian plane. Using 
an initial form as a base, each element in the structure is pair wise compared, and the 
shape change is computed as a deformation. As in BOG, these cube elements are 
independent of one another with the exception of where the surfaces are joined. These 
elements are 'non-homogeneous' in the sense that they represent spatially varying 
tensor fields in contrast to BOG in which the principal dilations are based on a 
constant tensor field. For each element, it is possible to estimate a 'form difference' 
tensor that is equal to a 'shape difference' tensor, plus a 'size difference' tensor. Shape 
changes are then found by subtraction, and by averaging these shape changes at all 
nodes and over the whole form, summary estimates can be obtained. 
Examples of applications of FEM to describe size and shape changes of complex 
forms can be found in Cheverud et al 1983 and Cheverud and Richtsmeier 1986. 
FEM can be seen to have at least two advantages over BOG. First, it can be extended 
to three dimensions and second, the cube elements are 'non-homogeneous' with 
varying tensor fields. Like BOG though, it deals with changes in size and shape rather 
than the actual numerical description of size and shape. 
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1.2.4 Euclidean Distance Matrix Analysis (EDMA) 
Euclidean distance matrix analysis (EDMA) was largely developed for applications in 
biology. It is also a landmark-dependent method that is applicable to two- and three-
dimensional structures (Lele 1991 and Lele and Richtsmeier 1991). It was developed 
to avoid some the problems inherent in the superimposition of landmark-based 
outlines. This method, as with CMA, FEM and BOG, is a co-ordinate free method. 
A series of equivalent landmarks is identified on each 'form' to be compared. The 
distances between these landmarks are determined, and for each morphology under 
consideration a matrix of these interlandmark distances is produced (a form matrix), 
Lele and Richtsmeier 1991. The geometric relations of all landmarks are preserved in 
the form matrix, since it contains all interlandmark distances. Form difference 
matrices (containing the ratios of corresponding distances between complex forms 
under consideration) are then calculated between pairs of single complex forms, or 
between the average fonn matrices for different populations of complex forms. The 
magnitudes of the ratios in the fonn distance matrix can be used to assess differences 
between complex forms and it is also possible to identify what areas of the 
morphology exhibit the largest shape differences. Landmarks whose locations vary 
between forms can also be identified. 
Examples of applications of EDMA can be found in Richtsmeier and Lele 1990 and 
Lele and Richtsmeier 1992, and in a craniofacial biology context in Singh et al 1998. 
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1.2.5 Thin Plate Splines (TPS) 
A comparatively new so-called homologous point technique is thin plate splines 
(TPS). Using the theory of surface spline interpolations (Bookstein 1991), the 
development of TPS represents a continuation of Bookstein's work on deformations 
which started with BOG (Bookstein 1978, 1982, 1983 and elsewhere), which 
represented an approach to put D'Arcy Thompson's (1917, 1942) Cartesian 
transformation grids on a more solid mathematical footing. The method of BOG did 
not provide for a sophisticated graphical display of the point-to-point deformations 
sought by Bookstein (Reyment 1991), whereas TPS goes a long way in doing so. 
TPS is a technique for visualising fonn change as a deformation. It uses an 
interpolation function representing a mapping that models the 'biological homology' of 
pairs of points. The interpolant can be thought of as a smooth (well-behaved) function 
that is fitted to a data point set (in two dimensions these are the spline functions such 
as the Bezier curves). The TPS function may be visualised as an infinitely thin metal 
plate placed over a set of landmarks. This surface allows visualisation of the pairwise 
displacement of landmarks as a defonnation. Computing the 'bending energy' carries 
this out. If this plate is 'flat' then it has zero bending energy. If bending energy is 
involved, it acts to 'wrinkle' the plate in some fashion. The larger the deformation, the 
greater the bending energy and the more 'buckled' the thin plate becomes. These TPS 
deformations can also be expressed as a sum of what are referred to as 'principal 
warps'. These are eigenvectors of the bending energy which correspond to the 
orthogonal displacements of the landmarks (above and below) from the thin plate. 
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Further explanation of TPS method as a size and shape descriptor of complex forms 
can be found in Reyment 1991 and Bookstein 1991. 
An example of the application of TPS in a craniofacial biology context can be found 
in Singh et al 1998, and also applied to the mandibular data in this thesis in Chapter 5. 
1.2.6 Procrustes Analysis (PA) 
Procrustes analysis (PA) can be thought of as another homologous point technique that 
provides us with the tools to describe size and shape information of any complex form 
in mathematical terminology, as well as allowing comparison between forms. 
The basic idea is a very simple one. Consider two forms or configurations of 
homologous landmark points of two complex outlines i.e. a pre-assigned 
correspondence between the points of the two configurations. Procrustes analysis 
allows comparison of two such forms by matching the two forms with similarity 
transformations of translation, rotation / reflection and scale change to be as close as 
possible according to Euclidean distance using least squares techniques. Since 'shape' 
is defined to be that which remains after differences in location, orientation and scale 
have been removed from forms we have such an optimal matching method in 
Procrustes analysis. 
The method of Procrustes analysis using orthogonal (rotation / reflection) matrices 
was developed initially for applications in psychology and early papers on the topic 
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appeared in Psychometrika. The technique can also be traced back to Mosier 1939, 
where it was originally developed for use in factor analysis, but has been developed 
over the years by many researchers including Gower 1971 and 1975, Goodall and 
Bose 1987, Mardia and Dryden 1989b, Rohlf and Slice 1990, Goodall 1991. It has 
attracted much attention in more recent years in the application of describing size and 
shape of growing forms by Dryden and Mardia 1992, Ziezold 1994, Shepstone et al 
1999. Further, it has been utilised in the context of craniofacial biology by Singh et al 
1999 as well as in a discriminatory context by Glasby et a11995. 
Procrustes analysis is considered and described further in Chapter 5 where the method 
is also utilised in an attempt to describe the size and shape changes of a growing 
mandible. 
In summary then, Procrustes analysis, as well as EDMA and the three deformation 
methods: BOG, FEM and TPS can all be considered as novel contributions to 
morphometrics. They represent sophisticated mathematical methods for eliciting new 
information present in biological forms as well as dealing with the shortcomings 
inherent in CMA. These methods also share one aspect with CMA, in that each 
depends on homologous points. 
The next few sections describe methods that utilise the boundary outline or curve 
information of any form in an attempt to describe how that form may be growing, and 
therefore changing in size and shape. 
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1.2.7 Medial Axis Analysis (MAA) 
Medial axis analysis or MAA is considered to be one such boundary outline method. It 
is based on the symmetric axis of an outline form passing down a precisely defined 
middle of an extended structure (Blum 1973 and Lavelle 1985). The medial axis of a 
curve is simply the collection of all the points that are 'in the middle'. In this way, all 
centres of circles that touch the curve at two distinct points. The medial width of the 
form at a middle point is the radius of its circle. That is, a curve can be constructed by 
connecting the centres of circles that touch the boundary of the form at two distinct 
points. This curve, plus an expression of its distance from the boundary (based on the 
radii of the circles), is sufficient to completely describe the shape of the structure. 
These medial axes provide 'stick' figures for complex biological forms, which serve 
as a means for registering slow changes in curvature, relative position of parts of 
objects etc (for organs assembled out of poorly delimited parts). An alternative way of 
looking at this is by way of what is called the 'grassfire model' (Blum 1973). The 
shape of an object is characterised as an area of dry grass which, if set fire to 
simultaneously all around its edge will bum towards the interior. If an even rate of 
burning is assumed, the line of points at which the fire meets itself make up the points 
defining the medial axis, and the time taken to reach these points is the medial width 
function. This axis and function describe the form then, and allow for complete 
reconstruction of the object. 
An application of this technique (there are very few) can be found in Webber and 
Blum 1979. 
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1.2.8 Resistant-fit Theta Rho Analysis 
The resistant-fit Theta Rho analysis has not received much attention (Siegel and 
Benson 1982 and Benson et al 1982). It is in fact, a combination of what is known as 
Theta Rho analysis with a more 'robust' statistical method. The method is useful for 
morphologies where it is known that the variability of substructures is not randomly 
distributed across the form. The advantage of this method is that it is relatively stable 
against departures from the assumptions of analysis, such as independent, identically 
and nonnally-distributed errors. It is also protected against the potentially strong 
influences of atypical or incorrect data values, which is achieved by using medians of 
ranked changes in proportion instead of least squares to compute the transformation 
factors of scale, rotation and translation (Benson et al 1982). For instance, two shapes 
can rarely be superimposed perfectly; different fitting criteria will generally yield 
different results. By allowing regions with large deformations to have a large impact 
on the fit, methods such as the least squares methods can potentially minimise true 
shape differences and thereby obscure them. A resistant technique, however, limits the 
influence of large deformations and the resulting fit is close in similar regions and not 
so close in relatively defonned regions. In this way, resistant techniques can help to 
identify similarities and differences in form more effectively than least squares 
methods. Siegel and Benson 1982 have demonstrated the superiority of resistant fitting 
technique over the least squares fit technique. 
Applications of resistant-fit Theta Rho analysis are few but can be found in the same 
papers as above and citations relating to them. 
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1.2.9 Eigenshape Analysis 
Eigenshape analysis represents another approach for numerically describing the 
boundary outline of a complex form, and thereby the shape of biological organisms. 
This technique was developed using data (comparatively smooth microfossil outlines) 
derived from palaeontology. It is based on the presumption that the use of eigenshape 
analysis facilitates the reduction of the morphological shape space to a comparatively 
few dimensions (Lohmann 1983 and Schweitzer et al 1986). Eigenshape analysis is 
misleading in one sense. It actually represents the sequential use of two techniques 
rather than representing a single development. It represents the initial application of 
Zahn and Roskies' 1972 Fourier-based algorithm, the results of which are then 
subsequently subjected to a factor analytical method. Lohmann and Schweitzer 1990 
proposed three measures for describing planar outlines within the context of 
Eigenshape analysis. These were form, size and angularity. Form referred to two 
aspects of the outline: scaling (size) and amplitude (variance). Form was computed 
using the standardised (for size and variance) formulation of Zahn and Roskies' 
Fourier formulation. Size was defined in two ways; as the perimeter of the outline of 
the form and by the bounded area of the form. Angularity was measured by the 
magnitude of the amplitudes of the angular part of Zahn and Roskies' algorithm but, 
before these amplitudes were standardised to unit variance. 
Zahn and Roskies' formulation has the advantage that it is always a single-valued 
function and does not require a vector centre such as the centroid. Lohmann 1983 
correctly indicated that if the centroid was not used, incorrect computed amplitudes 
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were the result. This had been noted earlier by Parnell and Lestrel 1977 and Full and 
Ehrlich 1982. However, the use ofn equal-divisions as advocated by Lohmann 1983, 
negates the possibility of maintaining homology. As Full and Ehrlich 1986 have 
argued, there is very little possibility that homology between outlines can be 
consistently maintained with eigenshape analysis. Finally, a comparison of a number 
of Fourier methods (Rohlf and Archie 1984) suggested that Zahn and Roskies' 
algorithm was the least satisfactory (Rohlf 1986). Thus, morphologies with complex 
irregularities such as the mandible cannot easily be handled with either conventional 
Fourier methods or Eigenshape analysis. 
Applications relating to this particular boundary outline technique can be found in the 
above references and related citations. 
1.2.10 Elliptical Fourier Function (EFF) 
The Elliptical Fourier Function (EFF) method is one of the more recent so-called 
boundary outline methods which has been proposed in the quest to quantify size and 
shape changes of growing irregular forms. Like many of the other methods outlined, it 
too was developed to circumvent some of the problems inherent in conventional 
cephalometries. 
The development of the EFF procedure in engineering is attributed to an algorithm devised 
by Kuhl and Giardina 1982 as a method to scan rapidly and identify incoming aircraft. The 
methodology was utilised and further developed in the morphometric field by Drs 
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Lestrel and Read, School of Dentistry, University of California, Los Angeles, to try 
and overcome some of the difficulties that occur with conventional cephalometries for 
studying size and shape. 
According to Lestrel 1980, 1987, 1989a and b, 1997a and b and elsewhere, the use of 
elliptical Fourier functions represents one method that goes some way towards 
extracting a much greater percentage of the biological information present in complex 
irregular forms, information that is readily visualised and yet has remained difficult to 
describe in numerical terms. Its ability to control for, or standardise, the size of any 
complex form whilst maintaining its shape is thought to be one particularly useful 
characteristic of the EFF. 
Numerous papers have appeared since Kuhl and Giardina published their algorithm. 
Applications with a biological thrust are diverse. Ferrario et al 1994 have investigated 
the shape of the human corpus-callosum from magnetic resonance scanning using the 
EFF technique. In a zoological context, Rohlf and Archie 1984 have investigated the 
shape of mosquito wings and Ferson et al 1985 have looked at the outlines of mussel 
shells. Examples in cytology can be found in Diaz et al 1989, 1990, Nafe et al 1992 
and in botany in Kincaid and Schneider 1983, White and Prentice 1988. Lestrel and 
Kerr 1993, Lowe et al 1994 and more recently Chen et al 2000 have described the 
application of this technique in dentistry. 
In Chapters 2, 3 and 4 of this thesis the elliptical Fourier function method is described 
in more detail and utilised in an attempt to analyse and describe any size and shape 
changes which might be taking place during mandibular growth for a data sample 
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between the ages of 9 and 15 years. We discuss the usefulness of the EFF in such a 
task in contrast to the method ofProcrustes in Chapter 6. 
1.3 Mandibular Growth 
In order to get a feel for what we are trying to describe in mathematical terms, this 
section attempts to summarise and describe bone growth in general, as well as specific 
mandibular growth. Such a summary will follow four headings according to Thilander 
1995. There is a wealth of literature on the subject of mandibular growth, considered 
as part of the more general area of craniofacial growth. The book CA Synopsis of 
Craniofacial Growth' has been an invaluable introductory source in this area, which is 
referred to throughout this section. 
Bone growth is a highly complex process, it is basically the same for all of us, but 
varies enormously between individuals. Bone is the fundamental supporting tissue of 
our bodies. The way in which our bones grow is of great importance to all of us since 
the size and shape of each one of us is influenced and ultimately determined by bone 
growth. How is such an important tissue formed then? And how does it grow, and how 
quickly? And what influences, helps or hinders bone growth? 
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1.3.1 Growth Mechanism - How bone is formed 
The composition of bone matrix and the percentage of calcium hydroxyapatite 
impregnation relative to the organic constituents is consistent throughout the bones of 
an individual. The difference between and within bones occurs at morphologic and 
histologic levels . Most bones, whether in limbs, or the head, have at least one surface 
of dense bone called compact, or cortical bone and interior to this compact layer, 
cancellous or spongy bone is usually found . This is illustrated in Figure 1.4. A 
network of cells (osteoblasts) on the surface of this bone marrow, called the 
endosteum, helps to regulate the exchange of solutes between body and bone fluids . 
The outer covering of bone is the periosteum, which gives the bone structure. It is a 
sheath composed of an outer layer of fibrous connective tissue and an inner layer of 
surface cells (osteoblasts) next to the bone. 
CANCELLOUS -1~'dljft~~~~rj 
BONE /, __ <;UMf'A(";l BONE 
Fi",rure 1.4 UIustration of the make-ut) of hone. 
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There are three classes of bone cells: osteoblasts, osteocytes and osteoclasts. These 
three types of cells each have a different function in the formation of bone. In short, 
some are responsible for the synthesis of bone, and initiation of calcification; some are 
responsible for maintaining bone tissue equilibrium; and some are important for the 
resorptive aspects of bone remodelling. 
The deposition and calcification of bone tissue can occur in two ways i.e. there are 
two types of bone growth - indirect or direct; endochondral and intramembraneous 
ossification. 
In endochondral formation, bone is derived from a cartilage precursor, where space 
has already been gained by the cartilage, which acts as a kind of scaffold on which 
bone is deposited. In this process, cartilage is first formed by cells called 
chondroblasts, undergoes mineralisation, and then is invaded by bone resorbing cells 
which reduce the matrix to a framework. Next, the osteoblasts, which have 
differentiated from the invading vasculature tissue, deposit bone matrix around the 
cartliage model. The second time it occurs in bone, a new architecture of tissue is 
established and eventually, the remnants of the cartliage matrix are completely lost in 
the process of growth and remodelling. 
In intramembraneous formation, bone is formed directly, from condensation of a 
particular cell type, mesenchymal cells, within a membraneous structure. 
Intramembraneous bone formation occurs on the outer surface of the periosteum, the 
endosteum, on the surfaces of certain structures (trabeculae) of cancellous bone, and in 
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the case of a few bones in the skull, at the edges in specialised structures called 
sutures. 
The mandible is developed from what is the known as the first branchial arch. 
Cartilage acts as a scaffold for endochondral bone formation and mesenchymal cell 
condensation initially starts just lateral to this cartilage and proceeds entirely as 
intramembraneous bone formation. 
1.3.2 Growth Pattern - Changes in the size and shape of the bone 
Bone grows by surface apposition, both by periosteum and endosteum, and alters its 
shape by bone remodelling. 
The mandible can be thought of as being split up into different areas as illustrated in 
Figure 1.5 and can be considered to grow in three directions: height, length and width, 
with concurrent remodelling of all areas of the bone taking place. Landmark points are 
noted only (see section 3.3.1). 
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Figure 1.5 Directions of mandibular growth. 
where, 
Points 1-7: Anterior border of the ramus 
Points 7-13 : Alveolus 
Points 13-23: Lower incisor 
Points 23-31 : Anterior border of the mandible 
Points 35-45 : Lower border of the mandible 
Points 45-49 : Angle of the mandible 
Points 49-54: Posterior border of the ramus 
Points 54-62: Condyle 
Points 62-67 : Mandibular notch 
Poi nts 72-78 : Coronoid process 
According to investigations by Enlow and Harris 1964 amongst others, remodelling of 
the mandible (similar to other craniofacial structures) follows three basic principles : 
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area relocation (drift versus displacement), surfaces facing the directions of growth 
(surface apposition and resorption), and what is known as the V principle. 
1.3 .2.1 Area relocation 
The deposition process in bone remodelling can be referred to as 'drift'; and a 'push' 
contribution referred to as 'displacement'. Most bone growth in the head is a 
combination of these to processes. Specific to mandibular growth, the chin point 
(Gnathion) moves away from sella turcica by a combination of deposition of new bone 
on the chin by the osteoblasts (drift) and growth of the condyle, pushing the chin 
forward (displacement). Of the total increase in overall length of the mandible, this 
anterior apposition of bone on the chin is minimal however. In fact, most of the 
lengthening process of the mandible occurs on the ramus and at the condyle. The 
leading edge of the ramus is resorbed, balanced by deposition on the posterior surface 
(else the ramus would narrow), synchronised with cartilage replacement activity in the 
condyle. Since the condyle articulates against an immovable wall (the glenoid fossa), 
its posterior growth is 'pushed' and the mandible is displaced anteriorly. This is 
referred to as posterior growth - anterior displacement (backward growth - forward 
movement). 
1.3.2.2 Surfaces facing the directions of growth 
The idea of backward growth - forward movement assumes that the surfaces of new 
bone formation always face the direction of growth and for consistency, the surface of 
bone away from the direction of growth must then undergo resorption. Therefore, a 
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bone increases its width by adding bone matrix to the surface facing the direction of 
growth and subtracts bone matrix from the surface away from the direction of growth. 
The two processes are not necessarily always equal however, sometimes apposition (to 
the surface facing the direction of growth) will exceed resorption (from the surface 
away from the direction of growth) and vice versa. Patterns of bone apposition and 
resorption contributing to the overall growth of the mandible occur in many areas of 
the bone. 
1.3.2.3 The V principle 
Whilst considering surface apposition and resorption it is sometimes the case that the 
direction of bone growth and the 'growing' surface are not readily apparent. It is 
thought that many surfaces are better expressed as V's, rather than flat surfaces. The 
inside of the V represents the surface of new bone deposition, where new bone tissue 
is formed. It also then, following on from our 'flat surface' argument of bone 
apposition and resorption, represents the surface facing the direction of growth. In 
contrast, the outside of the V now represents the surface of bone resorption. As 
previously mentioned, patterns of bone apposition and resorption contributing to the 
overall growth of the mandible occur in many areas of the bone. These patterns mainly 
follow the V principle. The coronoid process represents an area of the mandible that 
can be visualised as following the V principle, as can remodelling of the condyles. 
In summary, each of the areas of the mandible undergoes growth and bone 
remodelling to give overall change by way of a combination of the above three 
principles. The overall increase in height of the body of the mandible is primarily by 
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fonnation of alveolar bone, though some bone is also deposited along the lower body 
of the mandible. The overall increase in mandibular length is by bone deposition on 
the posterior surface of the ramus, and compensating resorption on its anterior surface, 
deposition on the posterior coronoid, and resorption on the anterior surface of the 
condyle. The overall increase in the width is by deposition of bone on the outer 
surface and resorption on the inner surface. At the same time, the mandible is 
displaced from its spatial position in the craniofacial complex by bone deposition at 
the articulating surfaces with other bones. Further, it is translated in space by the 
movements of other bones when they are growing themselves. There is also significant 
individual variation. 
1.3.3 Growth Rate - The speed at which bone is formed 
It is widely known that the rate of growth is different in different parts of the body, is 
different for males and females, and varies between individuals, and so, the rate at 
which different parts of the body, males and females and individuals reach adult size / 
maturity will also vary. This obviously applies to the growth of the mandible. 
Many studies have attempted to find reliable indicators of periods of rapid facial 
change due to a suggestion by Burstone 1963 and B jork and Skieller 1972. They 
suggested that the timing and hence the effectiveness of treatment can be affected by 
rates of growth and levels of circulating honnones which are related in turn to levels 
of maturity. It would therefore be advantageous for the orthodontist to carry out any 
treatment during the so-called 'growth spurt'. It comes as no surprise then to find that 
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the orthodontist would be interested in the timing of the growth spurt and the rate of 
growth of various parts of the craniofacial complex. 
It is generally agreed that the timing, duration and magnitude of the pubertal growth 
spurt in the mandible vary from individual to individual. According to Farkas 1992 
this so-called growth spurt has been detennined to be around ages 10-13 for females, 
and 12-15 for males. Other studies, Lewis and Roche 1972 and 1974 and Lewis et al 
1982 have showed that the first pubertal spurt in the cranial base tends to occur about 
1.6 years earlier in girls than in boys, with similar differences in the timing of 
mandibular spurts. 
1.3.4 The Regulation Mechanism - A mechanism to initiate and direct 
The Regulation Mechanism is a mechanism that initiates and directs the above three 
factors; growth mechanism, growth pattern and growth rate. 
There are many factors that affect and regulate the overall growth of individuals. 
Those that affect the growth of the mandible have been studied extensively by many 
researchers, including genetic and environmental factors, growth of other structures 
within the craniofacial complex, honnone levels and diet. References can be found in 
Dudas and Sassouni 1973, Mills 1983, Kiliaridis 1995, Meikle 1973, Bevis et al 1977, 
Vogl et a11993, Tuomenin et a11993, Bozzini et a11989. 
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In most investigations of the growing mandible; how it changes in size and shape, 
what might influence mandibular growth, the rate at which it grows etc, conventional 
cephalometric methodology has been called upon to 'measure' change, which has no 
doubt provided us with useful information and observation over the years. A way of 
sensibly quantifying the size and shape of the growing mandible would be an obvious 
step forward however. 
1.4 Aims and Outline 
The main aims of this thesis are then 
1. to utilise the elliptical Fourier function method in an attempt to characterise and 
describe the size and shape of a growing complex morphological form, the mandible, 
for a sample of subjects during puberty 
and thus 
2. to illustrate and summarise the longitudinal size and shape changes present in this 
sample of 'normal' mandibles 
so that further work might 
3. provide visual and numerical norms against which the growth ID children's' 
mandibles might be measured. 
We also want to be able 
4. to use the information (predicted points, harmonics, amplitudes etc) from the 
elliptical Fourier function (EFF) method to statistically analyse size and shape changes 
in this sample of 'normal' mandibles. 
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Further, we want 
5. to investigate the usefulness of EFF methodology in its role as a size and shape 
descriptor, with another method, namely Procrustes analysis (P A). 
To this end, Chapter 2 describes the EFF method in more detail and gives a general 
overview of the specific routines of the EFF software used in this thesis. Chapter 3 
describes the data sample, including the preparation of such a sample for use in the 
program and Chapter 4 explores any changes in size and shape that may occur as the 
mandible grows, concentrating on ages 9, 11, 13 and 15 years using this program. 
Whether or not differences exist between males and females in this data sample as 
regards mandibular growth is also investigated in Chapter 4 as is the usefulness of the 
harmonic information available from the EFF procedure for numerically describing 
size and shape changes of a complex irregular form. In addition, the validity and 
reproducibility of the data sample is also explored at this time. Chapter 5 turns to 
another method, Procrustes analysis. This method is applied to the same data sample 
and its usefulness as a size and shape descriptor is investigated and contrasted to EFF 
methodology. 
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1.5 Conclusion 
This introductory chapter has established the background and motivation for such a 
study, from a dental point of view, as well as on a mathematical standpoint. Several 
methods that have been, and are currently used by various researchers in the 
mathematical description of size and shape of complex morphological forms have 
been described. However, all of the methods discussed are not without limitations in 
their use for describing the size and shape of a growing complex form and no one 
individual method is truly accurate and 'best'. This thesis aims to utilise one of those 
methods, the elliptical Fourier function (EFF), in describing a sample of 'normal' 
mandibles between the ages of 9 and 15 and contrasts this particular methodology in 
its quest to another, that of Procrustes analysis. 
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Chapter 2 
Elliptical Fourier Function as a curve fitting tool 
2.1 Introduction 
This chapter gives a general introduction to the development of elliptical Fourier functions 
in the light of conventional Fourier analysis. A general overview of the actual elliptical 
Fourier function software that is used later in this thesis in an attempt to describe the size 
and shape changes of the human mandible for a data sample of mandibular outlines from 
age 9 to 15 years is then given. The hardware requirements for this particular EFF 
program are also outlined. 
2.2 Review of Fourier function methodology 
The main application of Fourier analysis in physics and mathematics is the study of complex 
waveforms, a procedure more commonly known as 'curve fitting'. Although this type of 
approach as a curve fitting tool has attracted criticism (Bookstein et al 1982, with replies from 
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Ehrlich et al1983 and Read and LestreI1986), the applicability ofFourier series as a biometric 
curve fitting function is well established as a descriptive method of boundary outlines. 
Applications are diverse and plentiful using conventional Fourier analysis, as well as the newer 
elliptical Fourier function approach. 
The development of elliptical Fourier functions can perhaps be better understood in the light of 
conventional Fourier analysis (LestreI1989a). 
2.2.1 Conventional Fourier function 
Before the development of the elliptical Fourier function (EFF), use was made of the 
conventional Fourier series as a curve-fitting tool to boundary outlines. This has been, and 
continues to be widely applied (Lu 1965, Ehrlich and Weinberg 1970, Kaesler and Waters 
1972, Anstey and Delmet 1973, Full and Ehrlich 1982, Lestrel 1974, Lestrel and Brown 
1976, Lestrel and Roche 1976, Gero and Mazzullo 1984, lohnson et al 1985, O'Higgins 
and Williams 1987). 
Fourier analysis results in the decomposition of a periodic function into a series of 
sinusoidal waves of differing frequencies, composed of phases and amplitudes which, 
when summed, can reproduce an original form. The conventional Fourier series contains 
both sine and cosine terms and is often written in the familiar finite form 
k k 
Y = J(t) = Ao + Lall cos(nt) + Lbll sin(nt). 
11=1 11=1 
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The ~ are the cosine components and the bn are the sine components which describe the 
amplitude of cosine and sine waves (hannonics) at a particular frequency, given by n, and k is 
the maximum degree or hannonic number of the calculated series. The period is defined over 
a 21t interval. Often referred to as a single Fourier series, this is a convergent series that will 
provide a fit to any known piecewise-smooth function and as more terms (hannonics) are 
added, the function converges onto the measured boundary outline, allowing for a close and 
accurate representation of the measured form. The contribution that each term in the series 
makes toward the approximation of the function y = /(t) can be separately assessed. The 
interval over which the data points are sampled and the height of the waveform, or amplitude, 
provide a flexible system that will fit many forms. The series is periodic, or 'circular', in the 
sense that it repeats over a set interval. That is, the last data point is followed by the first data 
point and the process is then repeated. 
This definite form of the Fourier series can be represented in polar co-ordinate form by 
k k 
Y = /(0) = Ao + Lan cos(nO) + Lhn sin(nO) 
11=1 n=1 
where the period is defined over a 21t interval and e is in radians. As above, k is the 
maximum degree or hannonic number of the calculated series and it is a convergent series that 
will provide a fit to any known piecewise-smooth single-valued function, converging on to the 
measured boundary outline as more terms are added, allowing a close and accurate 
representation of the measured form. The an and bn are the Fourier coefficients for the k 
harmonics and the fit is improved as more terms are added in the series. It could be presumed 
then that terms should be added to the series expansion until a perfect fit is obtained. However, 
42 
the maximum number of terms taken in the series is subject to something called Nyquist 
frequency constraints. Viewed in a biological context this means that given n points on the 
outline of a form, the maximum number of harmonics attainable, k, is equal to (n-l y2 if the 
number of points is odd, or nl2 if the number is even. The improvement in fit as the series is 
expanded with the addition of terms can be assessed by the computation of residuals between 
the observed data points and the expected values derived from the series expansion. As with 
the finite form, the separate contributions that each Fourier component makes to the form can 
be plotted. The first harmonic describes the contribution of an offset circle, the second 
describes a figure of eight (a two leafed rose), and the third, a three-leafed rose, and so on. In 
other words, any irregular single-valued form can be decomposed into a set of simpler 
components, or harmonics, which when summed, will re-create the outline. Also, the larger 
the magnitude of the amplitude associated with the harmonic number, the greater the 
contribution of that particular harmonic to the total form. The constant or A 0 term is defined as 
the mean of all observations, which is a circle in polar co-ordinates, defined as 
4'-1 
Ao = k-l~:>1 
1=0 
where ri are the observations or radii (distances from a predetermined origin, the centroid here) 
and k is the total number of measurements. The an and bn coefficients are found by least 
squares estimation procedures, again subject to the Nyquist frequency 
2 k-l k-l 
an = -k 2>1 cosnB, n = 0,1,2,,,,,,,.--~o 2 
24'-1 k-l 
bn = -k L'I sinnB, n = 1,2''''''''-2-
1=0 
where the ri are the observed measurements over the 21t interval. 
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Once the Fourier coefficients have been calculated, the amplitude, power and phase angle 
values associated with each hannonic number can be computed. 
Besides the requirement of a function which accurately fits the sampled data points on the 
boundary of an outline, there are two other critical considerations that need to be resolved 
before complex biological shapes can be meaningfully compared. Since the shape of a 
particular form is generally thought to be what is left behind when the effects of location 
and rotation, as well as scale are removed, normalisation procedures are required to 
ensure that 'like with like' is being compared. Such normalisation procedures in the 
context of comparing the shape of objects have been referred to as positional-orientation 
and size-standardisation. 
1. Positional-orientation (translation and / or rotation) 
Positional-orientation consists of the orientation of the outline of any form in space 
(which has an effect on the initial phase angle of the first harmonic). In polar co-
ordinates, we require that the centre from which the vectors are measured is common to 
all forms because the harmonic amplitudes are dependent on this centre. If the origin is 
changed, the amplitude values also change. A neutral centre such as the centroid (which is 
invariant with rotation) should be used. The translation of any object to the centroid is 
computed via a recursive process to ensure that equal angular intervals are preserved and 
new vectors computed to the observed points on the boundary, ensuring then that the 
shape as measured by the original vectors is faithfully maintained. 
44 
2. Size-standardisation 
The size of an object has to be 'normalised' since the presence of substantial differences 
in size of any two or more forms may overwhelm any differences in shape. Three scaling 
factors have been suggested as normalisation approaches based on 
a) the Aa term - the use of a scaling factor based on the constant Aa can be defined in 
polar co-ordinates as the mean of the vectors from the centroid to the outline of the 
form. It can be readily used as a scaling factor and the remainder of the coefficients are 
adjusted by multiplication of the factor, co~tant. Although rapidly computed, this 
o 
has the drawback that if forms being compared differ considerably in shape, this 
scaling factor becomes inaccurate. 
b) arc length or perimeter of the outline - using the perimeter as a scaling factor has a 
serious drawback if used directly since significant differences can arise. For example, 
consider one form which is smooth, and one which has multiple CUIVes. The second 
will produce an unduly large perimeter in contrast to the smooth outline. 
c) the actual area under the boundary outline of each form - an algorithm for the 
calculation of the area within the boundary outline, in polar form, based on integration 
by parts, can be found in Lestrel 1980. This scaling factor is more computationally 
involved. 
Details of preferred normalisation procedures within the scope of this thesis whilst using 
the suite of EFF programs are discussed later. 
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In spite of its success as a shape descriptor, conventional Fourier analysis is thought to 
have some limitations, restricting the type of forms that can be successfully characterised. 
In practical terms, limitations with conventional Fourier descriptors include 
1. equal divisions between points (equal angular divisions ones if dealing with polar co-
ordinates) to avoid complications of a weighted analysis that is mathematically 
cumbersome 
2. the use of a centre and a starting point on the boundary in polar co-ordinates, resulting 
in a dependency on the co-ordinate system, i.e. if the co-ordinates of the centre are 
changed and / or the starting point co-ordinates then the harmonics change in value -
the method is not co-ordinate free 
3. the presence of complex forms requiring multi-valued functions for a satisfactory fit 
(arises when outlines curve back on themselves) 
4. integration is required for the evaluation of the Fourier coefficients 
These restrictions tend to limit the use of conventional Fourier analysis to comparatively 
simple classes of two-dimensional forms. 
2.2.2 Elliptical Fourier Function (EFF) 
The development of the EFF procedure is attributed to an algorithm devised by Kuhl and 
Giardina 1982 as a method to scan rapidly and identify incoming aircraft. In more recent 
times, is thought to be a significant step forward in the quest for a method that efficiently 
captures boundary outline information of complex biological forms. The transition to EFF 
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methodology effectively removes the limitations of the conventional Fourier series, thereby 
allowing for an analysis of a much larger class of two-dimensional forms (Rohlf and Archie 
1984, Ferson et al 1985). 
The elliptical Fourier function (EFF) represents a parametric formulation in the sense that the 
x- and y-directions are separately set up as functions of a third variable t. The requirement of 
equal divisions along the outline is now relaxed and multi-valued functions are no longer a 
problem. Further, the parametric EFF coefficients can now be generated using an algebraic 
approach, instead of the integral solutions required in the conventional series, which makes 
computation simpler and faster. 
The EFF is then, derived as a parametric fonnulation from conventional Fourier analysis, 
composed of sine and cosine tenns in Cartesian coordinates, set up as a pair of equations for x 
and y, as functions of a third variable t. These parametric functions are defined in x(t) as 
k k 
x(t) = Aa + L an cos(nt) + L bn sin(nt) 
n=) n=) 
and in yet) as 
k k 
yet) = Co + L en cos(nt) + L dn sin(nt) 
n=) n=) 
where n equals the harmonic number, k is the maximum number of harmonics and the interval 
is over 21t as before. Kuhl and Giardina 1982 have derived estimates for the elliptical Fourier 
coefficients (8u, bl\) Cl\) dJ that do not require integrals. These Fourier coefficients for the x-
projection are 
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and 
1 q Ax 
bn =-2-L A P [sin(ntp)-sin(ntp_1)] 
n 7[ p=l ut p 
where q is the total number of points along the outline of the fonn, n is the hannonic number 
(to a maximum of k), tp is the distance between point p and point p+ 1 along the outline, and x p 
and yp are the respective projections of the segment p to p+ 1. Similarly, the Fourier 
coefficients for the y-projection are 
and 
1 q ~YP 
en = -2-L ~[cos(ntp) -cos(ntp_1)] 
n 7[ p=l ut p 
Besides the four coefficients ~ bn> Cn> ~ that need to be evaluated, the two constants, Ao and 
Co also need to be estimated. These are computed from 
and 
where the CXp and the ~p tenns are derived from 
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and 
Kuhl and Giardina's paper give details of all the above fonnulations. 
Once the expected x and y co-ordinates have been separately computed using the above 
equations, they can be rejoined (for identical values oft) and the expected shape recreated. 
Each harmonic in the series is described by four coefficients then (aID bID CID dJ, as well as the 
two constants Aa and Co. If the separate harmonics are plotted, they produce ellipses and the 
four coefficients account for the size, angulation and displacement of the starting point of the 
ellipse. The harmonic ellipse's angle of rotation and starting point, in turn, depend on the angle 
of rotation and starting point of the outline of an object (Kuhl and Giardina 1982). An 
approximation of the original outline can then be obtained by summing, in an identical fashion 
to the conventional Fourier function, the contributions of all harmonic ellipses included in the 
series. Again, the maximum number of harmonics used in describing complex fonns using the 
EFF method are subject to Nyquist frequency restrictions and therefore cannot exceed half the 
number of points located on the outline of the fonn. 
Once the EFF's have been generated, there is again the question of the goodness of fit to the 
obsetved fonn. Since the EFF represents a convergent series it is simply a matter of summing 
enough terms in the series (harmonics) to ensure a satisfactory fit (subject to Nyquist 
frequency restrictions). As with conventional Fourier analysis, computing the residual or 
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difference between the obsetved data points and their expected or predicted values 
derived from the EFF can test the goodness of fit. 
Also, as with conventional Fourier analysis, objects must be normalised for size and 
orientation before meaningful comparisons can be made. Details of the preferred 
normalisation procedures within the scope of this thesis whilst using the suite of EFF 
programs are discussed later. 
Finally, another of the early criticisms of conventional Fourier analysis, the fact that 
homology of points across forms was lost has been dealt with the use of elliptical Fourier 
functions. Homology is now maintained by a specific computational procedure in the EFF 
program used in this thesis. The first homologous predicted point is computed to be at the 
same location on the Fourier approximating (intetpolating) function as the first digitised 
point is on the digitised form (obsetved data file). The second and subsequent 
homologous predicted points are computed so that they have the same arc length from the 
first computed point as their counterpart (pseudo-) landmarks do from the first digitised 
point on the original, digitised cutve. This maps the pseudo-landmark points from the 
digitised cutve onto the EFF (Wolfe 1997). This is equivalent to shifting the obsetved co-
ordinates of the polygonal representation of the form, onto the EFF cutve (Lestrel and 
Huggare 1997). This shift is quite small since it is incumbent upon the investigator to 
keep the residual, the difference between the obsetved points and the predicted points 
derived from the EFF, as small as practically possible. Mean values based on all points 
should not rise above 0.10-0.20 mm, i.e. these values need to be well below the errors 
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ansmg from locating the points, tracing the cephalograms and digitising. The EFF 
software maintains the homology of the points, and hence, maintains the homology of the 
entire form. These points are termed pseudo-homologous, after the suggestions of Sneath 
and Sokal 1973. The application of this technique to cephalometry has been described in 
some detail by Lestrel (1997b) and Lestrel and Kerr (1993). 
In this thesis the elliptical Fourier function method described above is utilized in an attempt to 
describe the size and shape changes of a sample of growing human mandibles between the 
ages of 9 and 15 years. The exact methodology used in describing complex forms of the 
craniofacial complex, like the mandible, is explained in a number of papers by Lestrel, 
including Lestrel1989a and b. 
Using a dedicated suite of programs developed by Professor Lestrel and colleagues, attention 
is now drawn to the specific description of the growing mandible in order to discuss issues in 
using elliptical Fourier function methodology on a real set of data. 
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2.3 Overview of EFF Software 
2.3.1 Summary 
The purpose of this software is to provide an approach aimed at the numerical description 
of complex irregular forms, particularly shape as distinct from size so as to facilitate 
comparisons between forms. It is a suite of routines that aid in fitting elliptical Fourier 
functions (EFF) to boundary outline data of complex irregular forms, like the mandible. A 
summary of the routines available in the EFF software is shown in Figure 2.1 and 
discussed below. 
The EFF approach begins with the original outline of the object one wishes to describe, 
known as a specimen, which is characterised by a set of closely located points. It is useful 
to note that a specimen could be a tracing of the actual object itself or an x-ray of the 
actual object or a tracing of an x-ray of the object i.e. some representation of the real 
object. Once the specimen has been prepared the initial step is to digitise the points which 
characterise the outline to be entered as (x,y) co-ordinates to the elliptical Fourier function 
program. A digitised data file is created, known as the observed form, which is simply a 
digitised representation of the specimen. 
After digitisation, the next step is to compute the EFF and predicted points. These 
elliptical Fourier functions provide a very close fit to the original data points i.e. a close 
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predicted fit to the observed (digitised) form. The observed form generated in the 
digitising process is fitted with points computed from the elliptical Fourier function, 
known as a computed or a predicted form. The goodness of fit of this predicted outline 
can be tested by the calculation of residuals (the difference between the original 
(digitised) data points and the expected (predicted) values from the elliptical Fourier 
function). If this residual is acceptable, then the original (digitised) data can be 
theoretically thrown away and replaced by the elliptical Fourier function that now serves 
as an analogue of the original form. The predicted form only 'lives' as a computerised 
representation of the real object then (the specimen), which is the tracing of the mandible 
from the lateral skull radiograph in this thesis. It is important to emphasise that the 
predicted form must be a close representation or analogue of the specimen for accurate 
results. The resulting (x,y) co-ordinate points of this close representation can be compared 
between forms to investigate where there might be differences. 
The area and centroid values of each predicted form are also computed at this time for use 
in further analyses. The area of a form is needed to perform size-standardisation; the 
centroid, to compute distances from centroid to boundary and for superimposition of 
forms for visual comparison. 
As discussed previously, elliptical Fourier functions (as well as the conventional Fourier 
series) are dependent on spatial relationships within a Cartesian co-ordinate system. In the 
context of the EFF suite of programs, this dependency must be taken into consideration if 
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forms are to be meaningfully compared. The same two possibilities have to be considered 
i.e. positional-orientation and size-standardisation. 
Kuhl and Giardina 1982 suggest the use of the form itself to generate an internal 
positional-orientation for comparison by rotating the form until the major axis of the first 
harmonic ellipse is parallel to an axis. By orienting the first ellipse in this manner, the 
higher-order ellipses are also oriented, which results in the actual form being oriented. 
This same procedure has been utilised by Professor Lestrel in the elliptical Fourier 
function software, where the form is rotated until the major axis of the first harmonic 
ellipse is parallel to the x-axis. Oriented files of this nature were not however considered 
in this thesis (this part of the program did not actually operate accurately at the time of 
analysis). In the context of this thesis, 'no positional orientation' implies that we have 
defined the orientation of each individual form on predefined biological criteria to 
standardise for orientation, discussed in section 2.3.3. 
In order to standardise each form for size, Kuhl and Giardina 1982 recommend scaling 
the length of the semi-major axis of the first harmonic ellipse so that it is equal to 1 and 
adjust the remaining coefficients accordingly. This is however only an approximation. 
Another way of standardising for size is available, which is the one used in this thesis, is 
outlined in section 2.3.3. 
In this suite of programs, files that contain data that have had size information effectively 
minimised, leaving only shape information behind can be created. These are referred to as 
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area-standardised or size-standardised files. If such files are created, they are treated as if 
they are original digitised data files, even though, strictly speaking, they are not. 
Additionally, files can be created which have been positionally-oriented with respect to 
the co-ordinate system, known as oriented files (and these files can also be area-
standardised). 
Once the elliptical Fourier function has been computed, the predicted fonn (and size-
standardised predicted form) can be described using the harmonic coefficients from the 
EFF and the predicted data points themselves. In addition, a number of other files can be 
created and other measures computed, and used to explore the fitted forms. These include 
computation of harmonic amplitudes, power and phase angles of the functions, as well as 
ellipse parameters, distance functions and descriptive statistics of the predicted EFF. 
However, although the suite of programmes is able to produce all this information, we 
will see in Chapter 4 that only a limited amount is utilised in the description of a complex 
fonn such as the mandible. 
The raw data can also be viewed by plotting the observed form as traced and digitised 
from the original specimen, as well as being able to plot the predicted outlines computed 
from the EFF and other related information. 
Additionally, much of the computed data can be exported for future use in spreadsheets 
statistics programs or plotted with graphics software. 
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2.3.2 Observed (digitised) Data Points 
The elliptical Fourier function (EFF) approach begins then with a set of closely located 
points which characterise the outline of any complex morphological form. In the case of 
our real set of data described in the next chapter and analysed using this software in 
Chapter 4, this is a tracing of a mandible from a lateral skull radiograph, made up of 78 
points. These points, ideally if not always in reality, should be homologous i.e. a 1: 1 
mapping between different specimens for direct comparison. If the outline contains 
sharp curves then the more points may be required, particularly at sharp corners in a 
form like the lower incisor or the condylar / mandibular notch areas of the mandible. 
Once the tracing has been prepared the initial step is to digitise each point located on 
the tracing of the original specimen (the tracing of the mandible from a lateral skull 
radiograph here) to be entered as (x,y) co-ordinates to the elliptical Fourier function 
program and plotted. The plotted outline at this stage is our obselVed (digitised) outline. A 
quick superimposition of each observed form on each original tracing of the radiograph 
checks for any digitising errors. Digitising then, results in the obselVed (digitised) 
analogue of the original specimen, the tracing of the mandible in this case. 
2.3.3 Normalisation Procedures 
As mentioned previously, before meaningful comparisons can be made in terms of the 
shape of objects, the forms have to be normalised for size and orientation. Within the 
context of this thesis and the way the EFF suite of programs were applied, size and 
/ 
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shape changes and shape changes only between objects were investigated and the way 
in which objects were 'nonnalised' were dealt with as follows: 
1. Size and shape changes: The original, unaltered digitised data was oriented 
according to predefined criteria. The original tracings were orientated in exactly 
the same position to be digitised according to predefined biological criteria using 
the maxillary plane as an aid to comparable registration of each observed fonn (a 
line drawn from Anterior Nasal Spine to Posterior Nasal Spine (ANS - PNS». 
2. Shape changes only: The original, unaltered digitised data was oriented according 
to predefined criteria and standardised for size. In order to size-standardise a form, 
the size of the fonn is computed and then standardised. Size is defined to be area 
in this system and is computed as a line integral using Stokes' and Green's 
Theorems. Because of the mathematics involved i.e. the line integral, this is done 
from the predicted points file of the original specimen (the predicted points file of 
the observed, digitised data) instead of the actual observed data. This insures that 
the area is computed accurately, provided a sufficient number of harmonics have 
been taken. The size-normalised digitised point file is computed using the area 
bounded by the polygon from this predicted points file and then each size 
normalised file is 'blown-up' to fill a 10000 square unit area. Further, since it has 
been computed from the predicted points file, it will contain the same number of 
points. The resulting size-standardised file is considered to be an observed 
(digitised) size-standardised file because it is created in a fashion identical to the 
digitised file based on the original data. The resulting figures have had size 
effectively minimised and shape information retained. A series of forms can then 
be compared on the basis of shape only and size will not unduly affect the 
comparisons. The various measures used to work out these size-standardised forms 
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are available from the program if required, i.e. the bounded area of the observed 
form, the area correction factor {lOOOO/area), the square root of the area correction 
factor, and the x- and y-centroid values. 
It is necessary to generate appropriate size-standardised 'digitised', observed data files 
before size-standardised elliptical Fourier function curve fits can be obtained, either as 
size-standardised harmonics or predicted points. Orientation is dealt with 
automatically at the digitisation stage as per above. The suite of programs available 
can then be followed in an identical manner for the original, observed (digitised) data, 
as well as the size-standardised, observed (digitised) data. 
2.3.4 Computation of Elliptical Fourier Functions (EFF) 
Once the obseIVed (digitised) data points have been submitted to the EFF program (and a 
size-standardised version computed also), the next step is to compute the Fourier 
descriptors (elliptical Fourier functions) for each specimen i.e. each mandible, from the 
parametric formulation of the conventional Fourier function where the parametric 
equations are defined in x(t) and yet) (as before in section 2.2.2) as 
k k 
x(t) = Aa + L all cos(nt) + L bll sin(nt) 
11=1 11=1 
k k 
yet) = Co + Lell cos(nt) + Ldll sin(nt) 
11=1 11=1 
Computations in the elliptical Fourier function program produce, in particular, two 
kinds of data files 
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1. the calculated or predicted data points file from the elliptical Fourier function 
(which fit either the original (digitised) form, or the size-standardised form). 
and 
2. elliptical Fourier function harmonic coefficients file (again, for the original 
(digitised) form, or the size-standardised form) 
These will now be dealt with in turn. 
2.3.4.1 Predicted Data Points 
Two different sets of predicted points can be computed 
1. a set of evenly spaced points about the figures boundary as for conventional 
Fourier analysis 
2. a set of homologous points - as discussed previously, the distances between the 
points can now vary unlike with the conventional Fourier series. Predicted data points 
of this type are used in this thesis. 
Homologous points can be thought of as a way to force a set of computed points 
derived from the elliptical Fourier function solution to closely maintain their spatial 
relationship with the original set of digitised points, or observed form. Enough 
homologous points are required on the outline of the form together with sufficient 
intermediate points inserted, so that a smooth plot can be produced. The location of 
each homologous point on the elliptical Fourier function curve is computed by taking 
it to be the same distance from the beginning of the curve as the observed (digitised) 
point is from the beginning of the digitised curve. Therefore, the points will have 
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equal arc lengths on their respective curves. The homologous points therefore mirror 
the observed data and thus will have the same point number on each set of observed 
(digitised) figures and their corresponding computed figures for a given set of 
specimens (tracings of x-rays of mandibles here). This is necessary for performing 
distance and statistics computations and comparing specimens. When homologous 
points are being computed, the number of predicted points computed is determined by 
the equation 
Number of predicted points = 
+ 
* 
(Number of digitised points) 
(Number of intermediate points) 
(Number of digitised points) 
The same number of intervals between points on the boundary of a specimen must 
therefore be specified for all forms that are to be compared. This does not matter in 
the context of this thesis however since the mandibular outline is characterised by 78 
points which does not require additional intermediate points to give a smooth 
representation of the specimen. 
Using the parametric equations above to compute a predicted outline for the mandible, 
whilst preserving homology, the elliptical Fourier functions are able to provide a very 
close fit to the original data points (see Chapter 4). The closer the spacing of the 
observed points, the more accurate the representation. In technical terms, the observed 
form is treated as a polygon where the closely located adjacent points on the periphery 
have been connected with straight-line segments. Any two dimensional outline can be 
approximated with a polygon by connecting the observed data points with straight lines. 
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2.3.4.2 Harmonics (computation of elliptical Fourier coefficients) 
As well as the predicted points files (area standardised or not), harmonic coefficient 
files can also be created from the elliptical Fourier function. 
As previously mentioned, the number of harmonics used in describing any complex forms 
with the elliptical Fourier function method are subject to Nyquist frequency restrictions 
and cannot exceed half the number of points located on the outline. The numerical 
description of the mandible using this pair of equations, consists of 158 separate terms; 39 
harmonics (since the mandibular outline is characterised with 78 points) multiplied by the 
4 harmonic coefficients (aJ1) bJ1) Cn and dj, plus the 2 constants Ao and Co. 
These elliptical Fourier functions represents a convergent series solution being fitted to 
the polygon (the observed (digitised) mandibular outlines) and as more terms (harmonics), 
are taken in the series, the closer this convergence and the better the predicted curve fit. 
The first few harmonics measure the global aspects of the bone, while the higher 
harmonics are responsible for the more localised sculpturing of the outline. When 
dealing with a specific mandibular outline (as with others in the sample) as seen in 
Chapter 4, it would seem that the elliptical Fourier function could be truncated at 15 / 
20 harmonics, which still ensures a satisfactory fit to the bone. If the EFF is truncated 
at 20 harmonics, the form would still be accurately captured, and a matrix of 80 
separate terms, 4 coefficients for each harmonic and 2 constants for each function 
(equation) would be required. 
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2.3.4.3 Computation of Residuals 
Once the Elliptical Fourier Function has been computed, for the desired number of 
harmonics, the goodness of fit of the predicted mandibular outline can be tested by the 
calculation of residuals. The mean residual error is defined to be the mean Euclidean 
distance between a set of computed points on the curve and their corresponding 
digitised or observed points. That is, the goodness of fit of the predicted fonn 
computed from the elliptical Fourier function to the original, observed form i.e. the 
difference between the original (digitised) data points and the expected (predicted) 
values computed from the elliptical Fourier function. If this residual is found to be 
small enough « O.5mm for anatomical work is acceptable) then the observed (digitised) 
data could be, theoretically thrown away and replaced by the elliptical Fourier 
function which now serves as an analogue of the original form, which was traced and 
digitised from the original x-ray of the mandible. 
2.3.5 Amplitude and Related Computations 
Once the EFF coefficients have been computed, they can be used to calculate amplitudes, 
power and phase angles. These are useful as abstract measures of shape change from 
the elliptical Fourier function fit of the observed fonn. 
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2.3.5.1 Amplitudes 
The elliptical Fourier function coefficients can be used to compute amplitude 
estimates where the value for the nth harmonic is 
where the ex's are the coefficients preceding the cosine terms and the Ws are the 
coefficients preceding the sine terms. 
The amplitude, or height of the wave, is then, the square root of the sum of the 
squared coefficients preceding the cosine and sine terms for each harmonic. These are 
separately computed for the x- and y-axes. The larger the amplitude the more that term 
plays a major part in the shape of the form. 
2.3.5.2 Power spectrum (raw power or variance) 
The raw power or variance of the nth harmonic is defined to be 
where the contribution that each harmonic makes to the variance (%) i.e. the 
percentage variation explained by the nth harmonic is defined as 
0)1 Ex l' d Sn 
2 power for the nth harmonic 
,0 pame =-2 = 
Sr power for all harmonics 
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2.3.5.3 Phase angles 
The phase angle of the nth hannonic is 
Amplitudes, power spectra and phase angles can all be plotted as an aid to assessing 
shape changes of complex forms. Plots of amplitude versus hannonic number are 
considered further in Chapter 4. 
2.3.6 Ellipse Parameters 
A set of parameter values associated with the elliptical Fourier function ellipses can 
also be computed. There are two options within the suite of programs: 
1. only parameter values associated with the 1 st ellipse are calculated 
2. a set of parameter values associated with the 1st and subsequently higher ellipses 
are computed 
where 
a. the angle that the ellipse makes with the x-axis (always measured in an anti-
clockwise direction) 
b. the lengths of the major and minor axes of the ellipse 
c. their ratios 
d. the area of the ellipse 
e. the natural log of the ellipse area 
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f. the base 10 log of the ellipse area 
g. a specialised estimate of the area of the ellipse derived from Diaz et al 1990 can 
also be calculated. 
These estimates can be viewed and compared between (harmonic) ellipses and 
specimens. The differences in the 1st ellipses between specimens could also perhaps 
be statistically evaluated. 
2.3.7 Distance Computations 
Where amplitudes, power and phase are useful abstract measures of shape change, the 
calculation and plotting of distances provide a more direct visual assessment of shape 
change. Three types of distances can be computed in the context of the EFF suite of 
programs. 
2.3.7.1 Distance from the centroid 
The distances from the centroid of the form to each predicted point on the boundary 
outline can be calculated. These distances can be exported, plotted and compared 
between specimens at different ages and between sexes. Plots of the centroid to·outline 
distances are considered in Chapter 4. 
Since it is necessary to compute a reasonably large number of closely spaced points on 
the specimen outline for accuracy between observed and predicted form from the 
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elliptical Fourier function, a large set of distances from the centroid to the outline are 
also generated, 78 in the case of the mandible used in this thesis. The points 
characterising the boundary outline by their very nature however, will be highly 
correlated and therefore the computed distances from the centroid will have high 
correlations between them. Modified distance measures called Section Mean Distances 
are calculated in order to try and compensate for this, where the entire form can be 
considered as one section, and divided up into a chosen number of sections and a mean 
distance computed for each section, rather than computing every distance from 
centroid to outline. These distances can be plotted in a similar manner to the distances 
from the centroid. Alternatively, we can also choose to concentrate only on the 19 
anatomical landmarks on the boundary outline of the mandible. 
2.3.7.2 Distance from a vertical base line to the soft and hard tissue profile 
These distances are calculated from a vertical base line to the soft and hard tissue 
profile as depicted on either a photograph or radiograph. This is a special case used in 
dental research, and not considered further in this thesis. 
2.3.7.3 A pseudo-distance measure 
This so-called pseudo-distance measure is composed of differences in distances 
computed as differences between predicted forms using one form as a base and the 
other as a target. The purpose here is to generate summary measures of the percentage 
contributions of the separate components of size and shape. This was not considered 
further in this thesis. 
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2.3.8 Some statistical measures 
The EFF suite of programs also allows for the calculation of 
1. means 
2. standard deviations (s.d) 
3. standard error of the mean (sem) 
for 
a. observed points 
b. predicted points 
c. harmonic coefficients 
d. amplitude, power and phase angles 
e. distances; centroid to boundary, plus x and y components and also section mean 
distances. 
2.3.9 Exporting Data 
The resulting data from the EFF suite of programs can be exported for use in other 
packages. 
Exporting the data results in a file containing certain records that are the actual data 
(often separated by commas that may have to be stripped out) as well as any header 
lines. This is useful in that the data can be manipulated further in more powerful 
plotting and statistical packages. 
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2.3.10 Plotting the Data 
The plotting modules within the EFF suite of programs are useful for a variety of 
purposes. Certain files can be plotted and visualised on screen, or printed directly, or 
exported for manipulation in other plotting and statistical packages. These include: 
1. the original digitised data which can be superimposed on the actual observed data 
i.e. tracing of the lateral skull radiograph of the mandible to detect for presence of 
digitising errors 
2. the computed elliptical Fourier function, i.e. the predicted points form upon which 
the observed (digitised) form can be overlaid to see how well the EFF fit the 
observed data 
3. the convergence of the EFF series as more harmonics are added to the function 
4. the separate ellipses for each harmonic to see the effect (in terms of magnitude 
and direction) they have on the form 
5. the individual as well as mean curves of the predicted outlines from the computed 
elliptical Fourier functions 
6. the x(t) and yet) functions - usually with predicted data - plots how the Fourier 
wave form looks along the x- and y-axis before being parametrically joined to for 
the fitted object since these are predicted points computed from the final 
summation of all the ellipses 
7. distances for comparisons between different ages of the same specimen ete 
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2.4 Hardware Requirements 
The EFF suite of programs outlined above is designed to process series of x,y (or 
x,y,z) co-ordinate points. It supports the Housten Instruments HIP AD and the 
Summagraphics SUMMASKETCH ITI digitisers, and those fully compatible with 
them. For plotting, it supports HEWLETT-PACKARD HP7470 (two pen) or 
HP7475A (six pen) plotters, or LASERJET ITI printer or other true PCL5 language 
compatible printers. The program requires 1.6 megabytes of free hard disk space and 
will run on an mM PC or compatible running PC with MS DOS 3.1 or later. 
2.5 Conclusion 
Conventional Fourier analysis, as well as elliptical Fourier function methodology has 
been introduced in this chapter where the benefit of using EFF as a curve fitting tool 
has been outlined. Related features between the two methods have also been addressed 
such as Nyquist frequency limitations and normalisation issues. 
An overview of what the EFF suite of programs can produce has been described and 
the practical issues of implementation have been discussed with a more detailed 
exploration of each individual component. Some of the more useful components of the 
program are utilised and illustrated in Chapter 4 in an attempt to describe size and 
shape changes in the human mandible for a sample of subjects between 9 and 15 years. 
In the past, these form alterations have generally not been partitioned into size and 
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shape changes when it would seem apparent that the existence of large size increases 
can confound the recognition of changes in shape. By standardising for size, shape 
differences become clearly evident and the EFF method facilitates the analysis of these 
separate components of a complex form. 
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Chapter 3 
The Data Sample 
3.1 Overview and Introduction 
There have been numerous studies involving the growth of the craniofacial complex in 
humans and many animal studies. Much has been gained from these studies, providing a 
wealth of knowledge on the way in which bones grow, at what rate they grow, and what 
influences growth. The use of more traditional methods and measures like cephalometric 
analysis in such studies has contributed to this knowledge but there remains a gap in the 
mathematical quantification of changes in a growing complex form, like the mandible. 
Also, few of the investigations have dealt directly with size and shape description of a 
growing mandible and many past studies were not longitudinal in nature, were based on 
small sample sizes and were limited to comparatively few measurements. It is one of the 
aims of this thesis to add to and I or corroborate current knowledge in the literature, 
specific to human mandibular size and shape description, for a particular sample of data. In 
this chapter, the way in which such a sample of data was selected and prepared for 
subsequent description using numerical methods is described. 
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3.2 A Sample for Analysis 
3.2.1 Origin of data sample 
A longitudinal sample of archive lateral skull cephalograms (x-rays) from the B.C. 
Leighton Growth Study that was started in the early 1950's at Kings College School of 
Medicine and Dentistry, London, were made available for analysis. Professor Leighton 
collected an impressive amount of data in this growth study, where his study sample 
initially comprised of 550 British white Caucasians, of both sexes, born at the King's 
College Hospital Maternity Department, London. Such data included study models, 
clinical recordings of skeletal class, incisor class, height and weight measurements as 
well as lateral skull head films and a wealth of other associated data on familial 
problems of dentition, sucking habits, swallowing behaviour etc. By 1971 the sample 
had reduced to approximately 90, from which the sample used in this thesis was 
extracted. A duplicate set of study models and lateral skull cephalograms compiled by 
Professor Leighton, was obtained by The Royal College of Physicians and Surgeons of 
Glasgow, through the re White bequest fund, and stored in the Glasgow Dental 
Hospital and School. 
The sample utilised in this thesis consisted of the lateral skull cephalograms (an 
example of which is included in the Appendix) of 84 subjects each x-rayed annually 
on their birthday, as far as possible, from around the age of 2 years, through to the age 
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of 20 years . An illustration of a picture typically used in dental literature as a 
representation of such a x-ray is given in Figure 3.1 (a) and (b). 
Figure 3.hl A typical illustration of the location of the mandible. Antero-Jlosterior view. 
Figul'e 3.1 b A typical illustration of the location of the mandible. Lateral view. 
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3.2.2 Description of the age & sex distribution of x-rays in the sample 
Of the initial 84 subjects available for analysis, as illustrated in Tables 3.1 and 3.2, 47 
subjects were male and 37 were female. It can be seen that not all x-ray films were 
available at each age for each subject. Further, of the films that were available, some 
were of such poor quality they had to be discounted and considered unavailable 
(labelled as IRad = inadequate radiographs in the tables). Some of the subjects had 
also undergone orthodontic treatment (labelled as OPat = orthodontic patient in the 
tables). Of the males, 9 subjects had received some sort of orthodontic treatment 
during the study period, 7 did not have adequate radiographs, and 3 subjects had both 
undergone orthodontic treatment as well as not having adequate radiographs. This 
resulted in 37 potential males for analysis, on the basis that the films were considered 
adequate enough for tracing. Similarly for the females, 11 had undergone orthodontic 
treatment, 4 did not have adequate radiographs, and 3 subjects had both undergone 
orthodontic treatment as well as not having adequate radiographs which resulted in 30 
females who could potentially be included in any analyses, again on the basis that the 
films were considered adequate enough for tracing. 
From this set of 37 males and 30 females, a further sub-sample was identified for 
analysis. 
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Lelghton 10 Age N OICI 
2 4 6 7 8 9 10 11 12 13 15 17 18 20 2 1 lrod 
18 4 5 6 7 8 9 10 12 13 14 15 16 17 I ~ 19 20 OK 
37 4 6 8 9 11 12 14 15 16 17 IN 19 20 OK 
79 5 7 8 9 10 12 IJ 14 15 16 17 18 OK 
87 4 5 6 7 10 11 12 IJ 14 16 17 18 20 Clp.1 
III 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 OK" 
11 6 5 6 7 8 9 10 11 IJ 15 16 17 18 19 OK" 
128 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 OK" 
141 3 5 6 7 9 10 12 13 14 15 16 17 OK 
145 4 5 6 7 8 9 10 12 13 14 15 16 17 18 OK 
154 3 5 6 7 8 9 10 11 12 13 I ~ 17 19 20 2 1 OK " 
156 11 12 IJ 14 15 16 17 18 19 ClP"~ IRnd 
175 4 6 7 8 9 10 11 12 IJ 14 I ~ 16 17 18 19 2 1 Opal 
178 5 6 7 8 9 11 12 15 16 20 2 1 OK 
222 4 5 7 8 9 10 11 12 13 I ~ 16 17 °IXII 
241 4 5 7 8 12 15 16 18 19 20 I rod 
253 3 5 6 7 8 9 10 11 14 15 16 17 18 19 2 1 OK 
266 3 5 6 7 8 10 11 12 13 14 I ~ 16 17 18 OK 
271 3 5 R 9 12 14 15 17 (JPIII, IRnd 
275 3 5 6 7 8 9 10 11 13 14 15 16 17 18 19 Opal 
281 3 5 6 7 8 11 12 13 14 15 16 17 18 19 2 1 Opal 
301 3 5 6 7 8 9 10 11 12 IJ 14 I ~ 16 17 18 19 Opnl 
31 9 5 6 7 9 10 11 12 IJ 14 16 17 I ~ 19 UK 
327 6 7 8 9 12 13 14 I ~ 16 17 Opal 
342 3 6 7 8 9 10 11 12 13 14 15 16 17 I~ 19 10 2 1 lrod 
343 5 6 7 8 9 10 11 12 13 5 16 17 18 I rod 
398 4 5 6 7 8 9 10 11 12 14 11 16 17 18 19 OK 
4 19 4 7 8 10 11 13 I ~ 16 17 18 OK 
4 ~ 4 5 6 7 8 9 10 11 12 13 14 15 OK" 
456 5 6 7 8 9 10 11 13 14 11 16 17 18 19 OK ' 
468 5 6 7 8 10 11 13 14 15 17 I~ 19 20 OK' 
469 3 4 5 6 7 8 9 10 11 12 13 14 11 16 17 OK " 
490 3 4 5 7 8 9 10 11 12 
" 
16 17 20 Opal 
495 3 6 8 9 10 11 12 13 14 11 16 18 OK' 
507 3 4 5 6 7 8 9 10 11 12 13 1,1 15 16 17 18 20 OK" 
521 4 5 6 7 9 10 11 13 14 11 16 t7 18 01'.1, IRnd 
543 7 8 9 10 11 12 14 15 16 17 18 19 20 OK 
564 6 7 R 9 10 12 13 14 I ~ 16 17 18 19 OK 
166 2 3 4 5 6 7 9 10 12 IJ 14 11 16 17 19 OK 
586 3 4 5 7 9 10 11 12 13 14 I ~ 16 17 18 I)K" 
~94 2 3 4 6 7 R 9 12 14 I ~ 16 2 1 01',,1 
599 3 4 5 6 7 8 9 10 12 IJ 14 t7 'Old 
600 7 8 9 10 12 13 14 
" 
16 18 19 111,,1 
601 'I 6 7 8 11 12 14 1\ 16 Imd 
612 3 4 5 6 7 10 11 12 13 14 11 17 OK 
6n 3 4 1 9 10 11 12 13 11 17 18 19 OK " 
645 2 4 5 6 8 9 10 11 12 13 14 11 17 OK' 
Table 3.1 M~,les in the sample of 84 subjects: Which films arc aVllllablc'! 
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Lelghton ID Ago Note. 
3 1 5 6 7 8 9 10 11 12 13 14 15 16 17 I ~ 19 20 OK· 
35 5 6 7 8 9 10 11 12 13 14 15 17 19 Opal 
38 4 5 6 7 8 9 10 11 12 13 14 1\ 16 17 18 19 20 Oput 
54 5 6 7 8 9 10 11 12 IJ 14 15 16 17 19 20 OK · 
66 4 5 6 8 9 10 11 12 13 14 15 16 17 I~ 19 20 OK · 
67 5 8 9 10 11 12 13 16 17 18 19 2 1 OK 
II~ 3 4 5 6 7 M 9 10 IJ 14 15 16 17 18 19 2 1 OK 
120 5 6 7 8 9 10 11 12 IJ 14 15 16 OK · 
122 4 5 6 7 8 9 10 11 13 14 15 16 17 18 19 2 1 OK · 
124 3 6 7 8 9 10 11 12 IJ 14 15 16 17 IS 19 20 2 1 Opal 
126 4 5 6 7 9 10 11 12 13 14 16 17 18 Opal 
132 4 5 6 7 8 9 10 12 IJ 14 I,) 16 17 18 19 OK 
161 
" 
5 6 7 8 11 IJ 14 15 16 17 18 19 2 1 OK 
177 3 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 2 1 O pal 
197 6 7 8 9 10 11 12 13 14 15 16 17 18 20 2 1 OK· 
199 4 6 7 8 9 10 11 IJ 14 1\ 16 19 Opal 
249 4 13 14 15 16 17 18 19 2 1 lrod 
264 4 5 6 7 8 9 10 11 12 13 14 15 17 OK· 
320 3 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2 1 Opal 
325 3 5 6 7 9 11 12 13 14 15 16 17 I~ 19 20 2 1 (Jpal 
336 7 8 9 11 IJ 14 15 16 17 18 19 OK · 
352 3 5 6 7 8 9 11 14 16 17 18 19 Inld 
359 3 5 6 7 8 9 10 12 13 Inld 
404 5 6 7 8 10 11 13 14 11 16 17 18 19 OK 
41 1 4 .) 6 7 8 9 10 11 12 1,1 15 16 OPal, lI~d 
4 18 3 5 6 7 8 9 10 11 13 14 11 16 18 19 OK " 
445 3 4 5 6 7 8 10 11 12 13 14 16 17 18 Imd 
45 1 3 4 5 6 7 8 9 10 11 13 14 11 16 17 I~ 19 OK" 
470 4 5 6 7 8 9 10 13 14 15 16 17 18 OK 
471 3 4 5 6 7 8 9 10 11 12 13 14 11 16 17 18 01'111, IRnd 
473 3 4 5 6 7 10 11 12 13 14 15 17 18 20 OpIII 
477 3 5 6 7 9 11 13 15 16 18 ClI'III, IRad 
494 3 4 5 6 9 10 11 14 11 16 17 18 20 m: 
501 3 6 9 13 14 11 16 17 20 m: 
503 3 5 6 7 8 9 10 11 12 13 14 15 17 20 01'11' 
5 10 2 6 7 8 9 10 11 12 IJ 14 11 16 17 18 OK · 
565 2 3 4 5 6 7 8 9 10 11 12 IJ 14 11 16 17 °PII' 
Table 3.2 Females in the samlllc of 84 sub.iects : Which films are available'! 
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3.2.3 Choosing a sub-sample of x-rays for analysis 
The selection criteria for the sub-sample were: 
1. cephalograms taken at ages 9, 11, 13 and 15 were selected from the 'super sample' 
where exactly 3 out of these 4 x-ray films for these ages were present and of good 
enough quality to be traced. 
These age bands were so selected in order that any changes that might be taking place 
during puberty might be observed. In addition to my study, a co-worker in the 
Glasgow Dental Hospital and School, Dr Simon Chen, collected a parallel set of 
tracings which included subjects with exactly four tracings from the ages 9, 11, 13 and 
15. This resulted in 13 males and 11 females, indicated by an * in Tables 3.1 and 3.2. 
It is well documented in dental literature and elsewhere, that the mandibles (and other 
bony structures) are known to grow rapidly during the period of the pubertal growth 
spurt. This is generally agreed to be between 11 and 15 years of age (Tanner 1962), 
between 13 and 15 years and between 11 and 13 years for males and females 
respectively. It is sensible then to assume that any changes in size and shape during the 
growth of a bone like the mandible, would tend to be more pronounced around these 
ages. 
2. Exclusion criteria were also identified (for both my study and that of my co-
worker) and were as follows: 
a) patients who had undergone any orthodontic treatment were excluded 
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b) films showing more than 5-6 degrees of rotation at the mandibular border were 
also rejected. 
This was to ensure as 'nonna!' a sample as possible as regards bone growth. 
In addition, 
c) patients whose radiographs were considered inadequate were excluded, as above. 
For my study then, a total of 23 subjects from the original 84, 15 males and 8 females 
satisfied the above inclusion and exclusion criteria as shown in Tables 3.3 and 3.4. 
It can be seen then, that from these 15 males and 8 females there are 12 males and 6 
females age 9; 9 males and 4 females age 11; 10 males and 7 females age 13 and 14 
males and 7 females age 15. Due to these resulting small sample sizes, for each age, it 
is simply not possible to pick out the repeated measures aspect of the data. This means 
that analyses are concentrated on differences over the range of ages for all subjects at 
each age (and sex), regardless of which films are available for any individual, at each 
age. 
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Lclghton ID Age 
18 4 5 6 7 8 9 10 12 D 14 15 16 17 I ~ 19 20 
37 4 6 g 9 11 12 14 I ~ 16 17 18 19 20 
79 5 7 8 9 10 12 D 14 I ~ 16 17 18 
141 3 5 6 7 9 10 12 13 14 15 16 17 
145 4 5 6 7 g 9 10 12 13 14 15 16 17 18 
178 5 6 7 8 9 11 12 15 16 2() 21 
253 3 5 6 7 8 9 10 11 14 15 16 17 IX 19 21 
266 3 5 6 7 8 10 11 12 13 14 15 16 17 IX 
398 4 5 6 7 8 9 10 JJ 12 14 15 16 17 18 19 
419 4 7 8 10 11 13 15 16 17 18 
543 7 8 9 10 11 12 14 15 16 17 IR 19 20 
564 6 7 8 9 10 12 13 14 15 16 17 18 19 
566 2 3 4 5 6 7 9 10 12 13 14 15 16 17 19 
612 3 4 5 6 7 10 11 12 13 14 15 17 
Table 3.3 MaJes for analysis. 
Lcighton ID Age 
67 5 8 9 10 11 12 13 16 17 18 19 21 
118 3 4 5 6 7 8 9 10 n 14 15 16 17 18 19 21 
132 4 5 6 7 8 9 10 12 13 1·1 15 16 17 IX 19 
161 4 5 6 7 8 11 13 14 15 16 17 18 19 21 
40<1 5 6 7 8 10 11 13 14 15 16 17 18 19 
470 4 5 6 7 8 9 10 11 14 15 16 17 IX 
494 3 4 5 6 9 10 11 14 15 16 17 IX 20 
501 3 6 9 13 1'1 I ~ 16 17 20 
Table 3.4 Females for analysis. 
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3.3 Data Preparation 
Before the data sample consisting of a series of lateral cephalograms for the 23 subjects can 
be described in a quantitative manner using elliptical Fourier function methodology, it 
must be prepared for utilization in the EFF suite of programs outlined in Chapter 2. 
3.3.1 Tracing of the Cephalograms 
A tracing protocol designed by Lestrel (found in Lestrel and Kerr 1992 and elsewhere) was 
used to prepare the cephalograms for analysis. 
First of all, the outline of the mandible was traced from the x-ray film (like the one 
given in the Appendix) for each of the 23 subjects for each of the available ages 9, 11, 
13 and 15. The mandibular outline was carefully traced onto 0.003 inch, non-
stretched, single-sided, matte acetate using a StaedtIer pencil, HB 0.3mm nib. Where 
bilateral images appeared on the x-ray, a template method was used to trace the 
average position of the two images. Each series of x-rays i.e. x-rays at different ages 
for the same subject, were traced at the same sitting and each x-ray was placed on the 
same light table at the bottom left hand corner, in the same position, as far as possible. 
To help visualise the building-up of the 'tracing to representation of the bone' 
procedure, an example of a representation of this basic tracing of the bone IS 
illustrated in Figure 3.2. 
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Fil,'lII'e 3.2 Basic tracing of the outline of the m:mdihle. 
This traced outline had then to be characterised by a set of 78 closely located points 
using a radiograph Rotring pen with a O.18mm nib. These 78 points consisted of 19 
anatomical landmarks and 59 associated points . 
Before these points were located on the mandibular outline, five reference planes were 
located and drawn on the traced image using the same Staedtler pencil , to act as an aid 
in locating some of the anatomical landmarks on the mandibular outline. 
The planes were: 
1. Sella to Nasion 
This line can be taken to represent the anterior cranial base. The landmarks for ell a 
and Nasion are relatively easily to locate reliably . 
2. The Maxillary Plane 
Anterior Nasal Spine to Posterior Nasal Spine CANS - PNS) 
3. The Mandibular Plane 
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Gonion - Menton. All the points on the body of the mandible are relative to the 
mandibular plane. 
4 . The Condylar Plane 
A tangent to the posterior aspect of the condyle and the angle of the mandible (not 
Condylion - Orbitale) . All the points on the condyle and coronoid process are relative 
to the condylar plane. 
and 
5. The Frankfort Horizontal 
Orbitale - Porion, where Porion IS defined as the top of ear rod for easy location 
purposes on the head film . 
Location of these planes is illustrated in Figure 3.3. 
___ t\l;mclilu* I:w-
..... , ... 
Fih .... rc 3,3 Picture of tracing with ,'cquired planes located, 
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The anatomical landmarks had then to be located and drawn onto the tracing of the 
mandibular outline. An anatomical landmark is a point assigned by an expert that 
corresponds between organisms in some biologically meaningful way e.g. the tip of 
the nose, the corners or the mouth etc. Anatomical landmarks designate parts of an 
organism that correspond in terms of biological derivation and these parts are called 
homologous (Dryden and Mardia 1998). 
The anatomical landmarks were located on the mandibular outline using Lestrel's 
guidelines once again as follows, and illustrated in Figure 3.4. 
Point 1 (and point 78, PNS) 
the point of intersection of the ANS-PNS plane with the outline of the anterior 
ascending ramus 
Point 3 
the most posterior aspect of the anterior ascending ramus with respect to the condylar 
plane 
Point 13 
the point of intersection of the border of the alveolar bone and the posterior lower 
central incisal margin 
Point 18 
the tip of the lower central incisor 
Point 23 
the point of intersection between the anterior lower central incisal margin and the 
alveolar bone 
Point 27 (point B) 
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the most posterior point on the anterior aspect of the body of the mandible with 
respect to the mandibular plane 
Point 31 (Pogonion) 
the most anterior point on the anterior mandibular body with respect to a 
perpendicular drawn from the mandibular plane 
Point 35 (Menton / Cephalometric Gnathion) 
The most inferior point on the symphysis of the mandible 
Point 39 
the most inferior point on the anterior mandibular body with respect to the mandibular 
plane 
Point 43 
the most superior point of the lower border of the mandible with respect to the 
mandibular plane 
Point 45 (Gonion) 
the most inferior point of the posterior mandibular body with respect to the 
mandibular plane 
Point 49 
the most posterior point on the lower aspect of the posterior ascending ramus with 
respect to the condylar plane 
Point 51 
the most anterior point on the posterior aspect of the ascending ramus with respect to 
the condylar plane 
Point 54 ( + point 49 = condylar plane) 
the most posterior point on the mandibular condyle with respect to the condylar plane 
Point 58 
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the most superior point of the condyle with respect to the condylar neck 
Point 62 
the point of intersection on the anterior surface of the condyle drawn by a 
perpendicular from point 54 (tangent point that marks the change in curvature between 
the condyle head and the mandibular notch) 
Point 67 
the most inferior point of the mandibular notch with respect to a perpendicular drawn 
from the condylar plane 
Point 72 
the tip of the coronoid process 
Point 76 
the most anterior point of the coronoid process with respect to a parallel from the 
condylar plane 
---
Figure 3.4 Picture of tracing with planes and anatomicallloints located. 
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Finally, the remaining 57 points that characterise the mandibular outline, completing 
the full 78 point system, were located as bisections or trisections between these 19 
anatomical landmarks as shown in Table 3.5, and illustrated in Figure 3.5. 
Point Bisection / Trisection Point Bisection / Trisection Point Bisection / Trisection 
2 I and 3 25 23 and 27 4R 47 and 49 
9 3 and 13 24 23 and 25 50 49 and 5 1 
7 3 and 9 26 25 and 27 52 5 1 and 54 
5 3 and 7 29 27 and 3 1 53 52 and 54 
4 3 and 5 28 27 and 29 55, 56, 57 equa l hi ~ect~ between 54 and 51< 
6 5 and 7 30 29 and 3 1 59, 60, 6 1 equal bisects between 58 and 62 
8 7 and 9 33 3 1 and 35 64 62 and 67 
11 9 and 13 32 31 and 33 63 62 and 64 
10 9 and 11 34 33 and 35 65, 66 trisection 64 and 67 
12 11 and 13 37 35 and 39 69 67 and 72 
15 13 and 18 36 35 and 37 6R 67 and 69 
14 13 and 15 38 37 and 39 70 69 and 72 
16 15 and 18 41 39 and 43 7 1 70 and 72 
17 16 and 18 40 39 and 41 74 72 and 76 
2 1 18 and 23 42 41 and 43 73 72 and 74 
20 18 and 21 44 43 and 45 75 74 and 76 
19 18 and 20 47 45 and 49 77 76 and n 
22 2 1 and 23 46 45 and 47 
Table 3.5 Bisections llnd trisections of the anatomical landmarks which characterise the 
mandibular outline. 
These points can be referred to as pseudo-landmarks (Oryden and Mardia 199 ). A 
mathematical landmark is a point located on an object according tome mathematical 
or geometrical property of the figure, at a point of high curvature for ampl , or at an 
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extreme point. Pseudo-landmarks are simply constructed points on an object, located 
either around the outline or in between anatomical or mathematical landmarks. 
Fi~"1Jre 3.5 Picture of tracing with planes and all 78 points. 
The mandibular outline can be thought of as being divided into nine areas in terms of 
this 78-point characterisation as in Table 3.6 (and already outlined in Section 1.3.2). 
Points Description 
7- 13 Alveo lus 
13-23 Lower inc isor 
23-3 1 Ant erior border of the mandible 
35-45 Lower hordor of the mandihle 
45-49 Angle o f the l11 andible 
49-54 Posterio r berder o f the nllnllS 
54-62 ondylc 
62-67 Mnndihulnr notch 
n-n Coronoid process 
Table 3.6 Areas of the mandibulal- outline. 
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Further, it can be seen from this final tracing where all 78 points have been located, 
that where the outline contains sharp curves i.e. areas of high curvature, the more 
points are required. This is obvious from the incisal region and the coronoid process. 
In such regions of abrupt change / high curvature, the points were spaced closer 
together to obtain a good fit with the elliptical Fourier function. The reverse applies in 
areas of low curvature, for example, the lower border of the mandible. 
3.3.2 Digitisation of specimens for use in EFF program 
Each mandible tracing, characterised by the 78 points, was placed on a Houston 
Instruements HIP AD digitising pad using the Maxillary plane, ANS-PNS as an 
orientation aid. PNS (point 1) was superimposed on the origin (0,0) of the digitiser co-
ordinate system, identified by a set of cross-hairs extending vertically and horizontally 
to the borders of the digitising pad, where the plane ANS-PNS extends along the 
horizontal axis of the digitiser. This ensured that each tracing was placed on the 
digitising pad in exactly the same position. Each located point on the mandibular 
outline was then digitised, in a clockwise fashion, proceeding from Point 1, and 
subsequently recorded as (x,y) co-ordinate pairs for utilisation in the elliptical Fourier 
function program. An example of one of the original tracings ready for digitising is 
given in the Appendix. 
As a first check on the sample of digitised data, plots of the observed (digitised) data 
points were superimposed on the original tracings of the cephalograms to check for 
any discrepancies in the digitising process. The tracings for each of the 23 subjects, at 
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each available age from 9, 11, 13 and 15 were found to have been digitised 
satisfactorily. 
3.3.3 Any problems with tracing I digitising procedures 
It is worth noting that although each of the 23 subjects, at each available age from 9, 11, 
13 and 15 were found to have been digitised satisfactorily. This was not without 
careful instruction and attention to detail at every stage in the 'building up' of the 
mandibular outline, from the initial tracing of the x-rays, through to the digitisation of 
the located points for subsequent use in the EFF suite of programs. I was given 
training in tracing the x-rays to ensure a satisfactory representation of the mandible 
was captured from the original x-ray, where it was occasionally extremely difficult to 
trace the actual outline. In addition, an experienced orthodontist checked each of my 
tracings. This process was repeated at the landmark identification stage, where it could 
be extremely difficult to locate some of the anatomical landmarks, especially to the 
untrained eye. Training was also given to establish a correct digitisation technique. An 
assessment of the validity and reproducibility of the within-observer tracings and 
identification of landmark points was also undertaken. Results of this study are given 
in Chapter 4. 
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3.4 Conclusion 
In this chapter, the origin of the data sample utilized in this thesis has been described. The 
way in which data from this sample was initially assessed and prepared for use in the 
elliptical Fourier function suite of programs (and subsequent use with Procrustes methods 
also) has also been described in some detail, as well as any problems tackled along the 
way. 
The final sample for analysis then, consisted of 23 non-orthodontic patients, 15 males 
and 8 females, where 3 out of the 4 x-ray films for ages 9, 11, 13, 15 were available 
and of good enough quality to trace the mandibular outline. 
From the tracing procedure outlined, a representation of the mandibular outline for 
each of the 23 patients in the sample, at each available age from 9, 11, 13 and 15 was 
built up in an identical manner, as a set of 78 closely located points, ready for 
digitisation, and subsequent utilisation in the elliptical Fourier function program. 
It should be emphasized at this point that this data collection task was not trivial! A 
considerable amount of time and attention to detail was dedicated to the collection of this 
data. 
The next two chapters attempt to describe the size and shape of the mandible in numerical 
tenns, paying particular attention to mandibular growth which might be occurring around 
the pubertal growth period for this data sample of 23 subjects. Chapter 4 utilises the 
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elliptical Fourier function method described in Chapter 2 and the method of Procrustes 
analysis is then introduced and used in Chapter 5. 
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Chapter 4 
Evaluation Of the Data Sample Using the Elliptical Fourier 
Function 
4.1 Introduction 
In Chapter 2 elliptical Fourier function methodology was introduced and the capabilities of 
the suite of programs to be used in this chapter outlined. Chapter 3 described the origin of 
the data sample we wish to make observations on, how this data sample was selected 
and how it was prepared for subsequent use in the elliptical Fourier function suite of 
programs. We now wish to investigate whether or not the elliptical Fourier function (EFF) 
method is a useful tool for locating and depicting the pattern of bone growth and 
whether or not it is useful in illustrating the pattern of active growth that a bone 
undergoes over time. To this end, we shall describe the selected data sample of 23 
subjects in more depth using the EFF suite of programs to try to pinpoint where and when 
the size and shape changes of the growing mandible are actually taking place. Whether or 
not there are any differences as regards size and shape of the bone at various ages between 
the males and females in this group will also be investigated. An assessment of within 
observer (intra-rater) error, and between observer (inter-rater) error in the tracing of the 
specimens is also made. 
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4.2 Preliminary Descriptive Plots with the EFF 
There are many plots available to us within the EFF suite of programs as outlined in 
Chapter 2. Some are more useful than others in the description of the size and shape of a 
complex irregular fOlnl, like the mandible. This section covers specific examples for 
specific subjects within the data sample between 9 and 15 years of age. We reintroduce 
some of the descriptive plots outlined in Chapter 2 and further explain some of the aspects 
of the EFF program that can be used to describe the size and shape of the mandible over a 
range of ages. 
4.2.1 Observed (digitised) data and Predicted Form 
We begin the path of description by plotting the observed (digitised) fonn for each of the 
23 subjects in the data sample, at each available age of 9, 11, 13 and 15. The original 
tracings are superimposed (by hand) on these observed outlines to check for any errors that 
may have occurred in the digitising process. Each of the three tracings, for all 23 subjects 
in our sample (69 tracings in total then) was found to have been digitised satisfactorily. 
The observed fonn can also be size-standardised as described in Chapter 2, in order to 
isolate only the shape component of the fonn. The observed fonns (and area-standardised 
equivalents) are then compared with the predicted outlines computed using the EFF from 
these original observed (digitised) data points. For illustration purposes, each of the 3 
available tracings from ages 9, 11, 13 and 15 for one particular subject in our data sample 
are shown, not standardised for size at this stage. Figures 4.1 (a), (b) and (c) show the (un-
standardised) observed and predicted outlines superimposed for the available ages 9, 13 
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and 15 respectively. The observed and predicted outlines are superimposed on the centroid. 
The (x,y) centroid value is subtracted from each of the (x,y) co-ordinate pairs for each of 
the points which characterise the mandibular outline, so these outlines are all centred at the 
point (0,0) in this co-ordinate system. 
Figure 4.1a 
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Observed (dash) and Predicted Outlines (solid) 
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Observed and predicted outlines superimposed fOl· a particular subject. Age 9. 
Observed (dash) and Predicted Outlines (solid) 
Age 13 
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Observed and Ilredicted outlines sUJlerimposed for it l)l1l1icular subject. Age 13. 
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Observed (dash) and Predicted Outlines (solid) 
Age 15 
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Figure 4.1c Observed and predicted outlines superimposed for a Plu1icular subject. Age 15. 
For each of the three available ages for this particular subject in the data sample it can be 
seen that the predicted outline computed by the EFF is in fact a very close representation of 
the original digitised data. This was the case for all tracings, at all ages in our data sample. 
Further, it was found that the size-standardised predicted outlines computed by the ' FF 
were also very close representations of the size-standardised observed forms . 
4.2.2 Residual and Harmonic Analysis 
As described before, once the EFF ha been computed for a palticular form , th 
goodness of fit between the predicted and ob rved tI rm. can b te t d by th 
calculation of residuals. The mean residual error is defin d to b th root m an square 
Euclidean distance between a set of computed point on th urv and their 
corresponding digitised or observed points . That is, the distanc b tween th original, 
observed data points and the expected or predicted value derived fr m the fit, 
averaged over all 78 points . The value of this residual erve as an indicator of th 
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closeness of the fit of the computed EFF to the observed data points. The smaller the 
residual the better the fit. In fact, we illustrate in Figure 4.2 that the elliptical Fourier 
function represents a convergent series where the value of the residual decreases as 
more terms, harmonics, are taken in the series. It is found that residual values in tenths 
of a mm are generally obtainable with 20-40 harmonics . For anatomical work, like 
that in this thesis, residuals should be approximately 0.2-0.3mm, and should definitely 
be no more than O.Smm. Points at sharp corners of the form are likely to have the 
largest residuals e.g. the tip of the mandible. If the residuals are acceptable, the 
original data could be theoretically thrown away and replaced by the computed EFF 
(the predicted outline) which now serves as an analogue for the original form . In the 
illustration of this stepwise procedure in Figure 4.2, the observed data points are 
shown as dots, and the predicted outlines as solid lines where predicted outlines are 
calculated from the Fourier function using 1, 2, 5, 10, 15 and 20 harmonics . 
r·, 
I 1.I.'1l"monic 
Meml Residual. Va lue 
9.s~n 
. 
. 
--
Figure 4.2 Stepwise CUNe fitting procedure of the Elliptical Foul'iel' Function. 
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It can be seen from this figure that the first harmonic represents an ellipse, and by the 
time the function is fitted with 20 harmonics, the predicted outline is extremely close 
to the observed outline, with an acceptable, overall mean residual value of 0.228 mm. 
Similar observations were made for all computed outlines to the observed points in the 
data sample. Tables 4.1 (a) and (b) show the mean residual values for the whole data 
sample for males and females respectively, where the predicted outlines are calculated 
from the Fourier function using 1,5, 10, 15,20,30 and 39 harmonics. 
As an example, the mean residual corresponding to the predicted outline for the 
subject used in Figures 4.1 (a) to (c) (actually Female 2 in Table 4.1b) for the first 
harmonic was 9.122mm at age 9 (9.768mm and 10.213mm for ages 13 and 15 
respectively). With 5 harmonics included in the EFF, the mean residual fit decreased 
to 2.629mm (2.501mm and 2.623mm). Using 10 harmonics, the mean residual fit was 
0.754mm (0.695mm and 0.769mm), with 15 harmonics, 0.383mm (0.361mm and 
0.379mm), with 20 harmonics this fit becomes even closer, dropping to 0.233mm 
(0.249mm and 0.243mm) and with 30 harmonics the mean residual values were to 
0.141mm (0.137mm and 0.156mm). With the maximum number of harmonics 
included in the EFF, namely 39 harmonics, the over all predicted fit is extremely close 
to the actual observed form with a mean residual of 0.1 02mm for age 9 (0.1 02mm and 
0.109mm for ages 13 and 15 respectively). Similar patterns can be seen for the other 
subjects, at their available ages from 9, 11, 13 and 15, as outlined in Tables 4.1 (a) and 
(b), for male and female subjects respectively. 
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Mol. Subjects: Ago 9, 11, 13 or Number or Ilormonl .. I Mc.n R •• lduol V.lu. 
IS 
I S 10 IS 20 30 39 
I Age 9 9.728 2.654 0.859 0.338 0 192 0135 0095 
Age 13 9.815 2.868 0.917 0.358 0.219 0 147 0 11 9 
Ago 15 10.500 2.966 0.770 0.391 0.247 0.146 0 108 
2 Age 9 9.202 2.507 0.696 0.292 0.221 0.135 0099 
Age 11 10.473 2.551 0.886 0.343 0.220 0.137 0.104 
Age 15 10.549 2.865 0777 0.411 0 .222 0160 0.107 
3 Age9 9.2 10 2.555 0.824 0.32.1 0.188 0.119 0094 
Age 13 10.710 2.966 0.942 0.406 0 .250 0165 0113 
Age 15 11.057 2.998 0.859 0452 0 .266 0152 01 10 
4 Age9 9684 2.495 0685 0.316 0.224 0142 0.093 
Age 13 10.656 2.773 0.639 0339 0220 0156 0 11 9 
Age 15 IV82 3.077 0.836 0.387 0210 0.146 0 109 
5 Age 9 10.497 2.662 0.677 0.429 0.253 0.149 0 102 
Age 13 11.798 3.227 0.749 0.457 0269 0 147 0. 112 
Age 15 12.484 3.239 0.814 0459 0.279 0 161 0.122 
6 Age 9 9.946 2.439 0.859 0.320 02 16 0 121 0100 
Agcll 10.283 2.409 0.82.1 0.342 0242 01'6 0098 
Age 15 11.843 2.842 1.037 0362 0240 0151 0 11 5 
7 Agc9 9.883 2.662 0654 0.355 0228 0 152 0099 
Age 11 10.967 2.860 0753 0.402 0244 0 150 0.110 
Age 15 12.612 2.990 0.865 0.508 0268 0 158 0 125 
8 Agcl l 11.119 2.778 09110 0356 0243 0.140 0 108 
Age 13 11.350 2.892 0.957 0358 0227 0 149 0106 
Age 15 11.961 2728 0813 On9 023 1 0.151 0 12.1 
9 Age9 10.228 2.693 0821 OJ I7 0203 0143 o 1 0~ 
Ago ll 11.168 2.858 o NIO O.3N3 0.232 0.147 () 101 
Ago 13 11.740 3.014 0852 0365 023 1 0 127 o lOt< 
10 Age9 10.815 2572 0.662 0.399 0 186 o 1 2~ OO~ 
Agcl l 10.926 2.990 0.706 046 0.221 0129 0 104 
Ago 15 11.284 29RS 0.788 0 .522 0258 0136 0106 
11 Agcl l 10.4 12 2.888 0757 0372 0239 0 1'12 0104 
Age 13 11.934 3025 0867 0413 0217 0 143 010' 
Age 15 12.088 3135 09().1 05 14 024 1 0139 o lOt< 
12 Age9 8.5N3 2.326 0.596 01 17 0 192 0122 0097 
Age 11 10538 2642 0.7 19 0389 0226 014 1 0101 
Age 15 11.679 2.937 0.773 0481 0215 o "X 0 10 1 
IJ Age9 9.97 1 2.57 1 0617 0'112 0220 o 114 o OK7 
Age 13 10479 2.654 0651( 0434 0214 o 134 (1099 
Age 15 10.724 2.803 0667 0461 0201 0 124 U 087 
14 Age9 9.485 23 15 0692 0329 0.193 0 11 1 o 07X 
Age 13 10490 2.591 0650 0 ,141 0242 0122 0093 
Age 15 10.45 1 2.701 064 1 0460 0244 0 141 0 101 
IS Age 11 10.088 2436 0617 0406 0 199 0 112 0096 
Ago IJ 102 14 2748 0786 0364 0247 om 0106 
Age 15 10.815 2.828 0.729 0.508 0.261 o 14S 0 11 ,1 
Table 4.1a Mean rcsldual values for 1,5, 10, 15,20,3(1 and 39 hannomcs. Males. 
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Female SubJects: Age 9, 11 , t3 or 15 Number of II Rrmonlcl I Me.n Residual Vnlue 
I ~ 10 I S 20 30 39 
I Age 9 8154 2220 0.582 0.308 0199 0116 0096 
Age 11 9270 2.524 0.758 0.324 0200 0 143 00911 
Age D 10 129 2.593 0.753 0.W2 0207 O.D I 0100 
2 Age 9 9.122 2.629 0754 OJ&:J 0233 0 141 O. lo:! 
Age 13 9.768 2.501 0695 0.361 0.249 0.D7 0.102 
Age 15 10.213 2.623 0.769 0.379 0.243 0,1 6 0 109 
3 Age 9 N,608 2.087 0.552 0341 0.174 0110 0.092 
Age 13 9.248 2.5n 0692 0,424 0215 0,146 0121 
Age 15 10.568 2.85 1 0.830 0 .432 0254 o I ~I 012.1 
4 Age ll 9641 2.325 0700 0.271 0.197 o 12M 0096 
Age 13 9928 2.316 0.634 0.330 0.176 0 11 5 0091 
Age 15 10.743 2.390 0736 0336 0.223 0.141 0107 
5 Age 11 9.648 2.620 0700 0,353 0.2 18 0127 00H9 
Age D 10.72 1 2.629 0~25 0359 0.219 0146 0 103 
Age 15 11. 272 2.724 0.860 0.411 0.236 01)7 0096 
6 Age9 11.273 2.962 1014 0420 0262 0.153 011 7 
Age 13 12.343 2.950 0880 0.483 0.307 0203 o D 7 
Age 15 12.767 2,924 0.970 0469 0.265 0164 0125 
7 Age9 9.300 1303 0.556 0330 0194 0107 o OX~ 
Age ll 10.12 1 2 .555 0673 0.350 0193 0.113 O .O~ 
Age 15 10.767 2.564 0647 0.42R 0,228 0123 O.Ot-1l 
~ Age 9 10,5M I 2.444 06n 035 1 O l ~ 0 12.1 0091 
Age I) 11.979 2.657 0861l 0. 4~2 0,226 0129 OO~ 
Age 15 11.456 2 749 08!!O 0.4 '16 0.2 4 o I ~x o IlO 
Table4.1b Mean residual values for t , 5, 10, 15,20,30 and 39 hannonics. Females. 
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Similarly, the size-standardised predicted outlines were also found to be close 
analogues of the size-standardised observed forms for each of the 23 subjects in the 
data sample, at each of the available ages from 9, 11, 13 and 15. 
The question is where should we stop? 5, 10, 15, 20 harmonics? Certainly, a function 
with 5 harmonics is too soon but it might be sensible to stop at around 20 harmonics 
since the overall residual value is very small by then, and the dimensionality of the 
data function describing the form would be significantly reduced. However, we 
proceeded in this thesis by including all 39 harmonics in the elliptical Fourier function 
to ensure the best predicted fit possible. 
In addition, the residual sum of squares was calculated for each subject in the data 
sample, for each available age, and plotted against the number of harmonics taken in 
the series. This results in a useful graphical illustration of how the residual decreases 
as the number of harmonics increases. 
The residuals for each of the 78 co-ordinate points that characterise the mandibular 
outlines in the sample are calculated as 
where, 
(xn-difl) is the difference in the x co-ordinates between the observed and predicted 
outlines for each n = 1, .... ,78 points 
and similarly, 
101 
(Yn-diff) is the difference in the Y co-ordinates between the observed and predicted 
outlines for each n = 1, .... ,78 points . 
The residual sum of squares is then computed as 
RSS = (residuaI J)2 + (residuaI2)2 + ................. + (residuaI78)2 
Examples of such plots are given in Figures 4.3 and 4.4 (a) for each of the males and 
females aged 9 in the sample, with plots on a log scale being more informative after 
the first harmonic, as shown in Figures 4.3 and 4.4 (b) . 
Figure 4.3a 
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Residual Sum of Squal'cs against Number of Harmonics, Males. A~c 9, 
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Figure 4.3b 
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Figure 4.4b 
Loge(RSS) versus IlUmber of Harmonics 
Females, Age 9 
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Log Residual Sum of Squares against Number of Hat"monies. Females. Age 9. 
It is very clear from these plots that the overall residual sum of squares does indeed 
reduce as more harmonics are taken in the function , quite drastically from the first 
harmonic, and more subtly as more and more harmonics are added, e sentially the 
more localised sculpturing of the form . 
Similar patterns were seen for available males and females at ages 11 , I and 15. 
It can be seen then, that the harmonic infonnation produced by the FF method is of 
some use in preliminary description, and is tied up with the analysi of residual a 
illustrated above. What else can be done with the harmoni s? 
The amplitude spectrum computed from the data can be inv tigat d by pi tting th 
harmonic amplitude values versus hannonic number for individual ubj et in the 
sample of mandibular data for each age, or for the male and female sample te. The 
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amplitude spectrum is thought to be a useful depiction of the importance of each 
harmonic in determining the size and shape (or shape only when using size-standardised 
data) of the outline of an object. The larger the amplitude, the more that term is thought 
to play a major part in the size and I or shape of the form. Interpretation of such plots 
however, is not easy and does not seem to add anything to the overall description of the 
size and shape of the form. 
Figures 4.5 and 4.6 represent amplitude versus harmonic number plots of the three 
different ages, 9, 13 and 15 for a particular specimen in the mandibular data sample. All 
figures are on a log scale to depict patterns in the higher harmonics. Figures 4.6 (a) and 
(b) are size-standardised representations. The amplitude plots of the x co-ordinate data 
are shown in Figures 4.5 and 4.6 (a) while the amplitude plots of the y co-ordinate data 
are depicted in Figures 4.5 and 4.6 (b). 
Amplitude (x-axis) versus Harmonic Number 
Size and Shape Changes 
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Figure 4.5a Amplitude (x-axis) versus Harmonic Number Plot. Size and shape changes. Age 
9,13 and 15. 
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Figure 4.Sb 
9, 13 and 15. 
Figure 4.6a 
and 15. 
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Figure 4.6b 
and 15. 
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The figures show the x- and y- amplitude spectra of the 39 harmonics from the Fourier 
function of the mandibular data at each of the three ages available for that particular 
subject in the sample. It can be seen that the x- and y- amplitudes for the first few 
hannonics are all very similar for the range of ages, and are bigger in magnitude than 
the amplitudes for the higher harmonics_ A small amount of variation is observed over 
the range of ages in the amplitudes for the higher harmonics. What does this say about 
the data however? Interpretation isn't easy. As defined in Chapter 2, the raw power, or 
variance that is explained by each harmonic is defined as the square of the amplitude for 
that harmonic divided by 2. Further, the contribution that each harmonjc makes to the 
variance, i_e_ the percentage variation explained by that particular harmonic is defined 
as the power for that particular harmonic divided by the power for all hannonics. We 
might conclude that much of the variation in the data is being captured in the first few 
harmonics and so we might discard of some of the higher harmonics. The danger on 
relying on this too heavily is that it encourages the discarding of harmonics (those with 
small magnitude ), at times resulting ill a consequent loss ill 
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information. In addition, it should be noted unlike principal components, the 
successive harmonics do not explain less and less of the variance in the data. 
The harmonic information can also be used to recreate the form, although this was 
fairly labour intensive and is really just another way of computing a predicted outline 
(from the harmonic information of the already computed outline). 
4.3 Error study 
In the context of this thesis, it was important that we incorporated an assessment of the 
validity and reproducibility of the tracings and identification of the landmark points, 
both within my own set of tracings and between my tracings and those of a co-worker 
(as outlined in Section 3.2.3). Obviously, this investigation was best placed before any 
further analysis was carried out on the data sample. Also, if the between observer 
variability was not too large, the subjects of the two parallel studies could perhaps be 
combined and any further analysis carried out on a bigger sample. 
According to Houston 1983, errors which occur in cephalometric analysis can be split 
into 2 broad categories: validity and reproducibility, which in turn can be split into a 
further two categories, systematic error and random error. 
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1. Validity / Accuracy 
In the absence of measurement error, validity, or accuracy, is the extent to which the 
value obtained represents the object of interest, the extent to which the tracing of the 
mandible actually represents the radiographic image of the mandible in this case. 
Validity, both of what is measured and the method of measurement, has to be 
considered. 
Therefore, as well as the extent to which the tracing of the bone represents the x-ray 
film, the extent to which the x-ray of the mandible represents the actual bone must 
also be considered. We have to consider whether or not the x-ray image might have 
been distorted or enlarged which in turn would make any tracing, or series of tracings 
from different cephalostats invalid. The enlargement of radiographic images may also 
be different when different cephalostats are used, but can be compensated for by the 
use of a correction factor. Distortion of images can be treated similarly. This is 
invariably more difficult to deal with since the extent of rotation of the skull from the 
normal position of having a lateral head film taken (where the ear-rod axis should be 
perpendicular to the midsagittal plane of the head) is usually unknown. Unless it is 
noted at the time x-ray of course, although this is not normal procedure. In view of the 
validity of this study, the magnification of the radiographs was not important as linear 
measurements were almost always made only after the observed tracing had been 
submitted to the elliptical Fourier function program and the outline standardised for 
area. The quality of the radiographs and the positioning of the patients in the 
cephalostat were out with the author's control. It is noted however that, as far as 
possible, all radiographs of subjects in the BC Leighton study were taken following 
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the same positioning criteria, under identical conditions, which ensured consistency 
between series of images within individual subjects as well as consistency between 
subjects. 
In terms of landmark identification, many cephalometric landmarks have been defined 
for convenience of identification and reproducibility, rather than on the grounds of 
anatomic validity. This is often unavoidable and no better alternative may be available 
so, rather than rendering such landmarks invalid, they should be used with caution and 
we should recognise that in certain circumstances they may be misleading, e.g. these 
points may move after orthodontic treatment. Patients who had undergone orthodontic 
treatment were excluded from the analysis in this thesis in an attempt to minimise such 
a limitation. 
Unless these problems are appreciated, it is easy to draw at best misleading, and at 
worst invalid conclusions from a simplistic approach to cephalometric analysis. 
2. Reproducibility / Precision 
Reproducibility is the closeness of successive measurements of the same object. The 
'closeness' of successive measurements on any tracing taken by any measurer might 
vary according to factors such as the quality of the x-ray films, the conditions under 
which the tracing was done, and the care, skill and expertise of the measurer. This 
variation would of course affect the interpretation of results, prompting such an error 
assessment. 
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There are two mam categories of measurement error, systematic error (bias) or 
random error. 
a. Systematic Error 
If a particular measurement is persistently under- or over-recorded, systematic error 
arises e.g. an observer consistently under- or over-recording one or more of the 
particular landmark points which characterise the mandibular outline. In the case 
where two series of x-rays are traced by two observers, and the landmark points 
therefore located by two different people, who may have different concepts about the 
identification of one or more landmarks, the risk of bias is again introduced. The two 
observers might systematically identify landmark points according to their perception 
and training of where those points should be. This may also be true for the case of a 
single measurer whose practice of tracing and locating points changes, as they become 
more experienced over a sustained period oftime. Also, although not true in this inter-
rater comparison, if measurements from two different studies are compared on the 
assumption that the magnifications are the same, and they are not, the comparison will 
again be biased, a systematic difference in the collection of the appropriate data. 
b. Random Error 
The greatest source of random error is most probably the difficulty in locating a 
particular landmark point, or the imprecision in defining points. The exact location of 
any landmark point may vary at random, depending very much on the observers 
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opinion of where it should be, and also on the quality of the x-ray film, another reason 
that random error may arise. 
Attempts were of course made to minimise the magnitude of both systematic and 
random errors. In an attempt to minimise random error in the study, training was 
provided in tracing the lateral cephalograms, as well as training in identifying 
'textbook' landmark points, before any tracing was undertaken. Any film of very poor 
quality (and series of ages for that subject) was excluded from the study also. To 
minimise systematic error, all tracings were subsequently checked and verified by an 
expert orthodontist in Glasgow Dental Hospital and School in order to ensure correct 
location of landmark points and tracing of outline of films, especially those of poor 
quality. Also, series of tracings for anyone patient, at different ages, were carried out 
at the same sitting, under identical conditions. 
In order to assess the reproducibility of tracings and identification of landmark points, 
two error studies were conducted, an intra-rater agreement study and an inter-rater 
agreement study. 
4.3.1 Intra-rater Agreement 
From the original 23 subjects, a randomly selected group of 5 subjects x-ray films 
were re-traced and re-digitised i.e. 15 films in total. For each of the available films, 
from ages 9, 11, 13 and 15, plots of the observed points for the 2nd tracing were 
superimposed on those for the 1 st tracing and areas of disagreement identified. 
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Differences were evident from these plots, but they were usually mall and 
predominantly in areas that many of the landmark points were more difficult to locate. 
Such discrepancies between the] sl and 2nd tracings for one observer were in the main , 
iso lated to complicated areas such as the anterior border of the ramus (points 1-7), the 
incisal region (points ] 3-35), and the condylar region; the condyle, the mandibular 
notch and the coronoid process (points 54-78). The alveolus (points 7-13), the lower 
border of the mandible (points 35-45), the angle of the mandible (point 45-49) and 
the posterior border of the ramus (points 49-54) were invariably in closer agreement 
between different tracings of the same x-ray film . A typical examp le illustrating 
evidence of small discrepancies between the 1 sl and 2nd traci ngs is hown for one 
particular subject, for all available ages in Figures 4.5 (a), (b) and (c) . 
FibJU'"C 4.7a 
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Subject 4 
Intra-rater Observed (digitised) Points . Age 9 
Solid = 1 st tracing ; Dashed = 2nd tracing 
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Intra-ratcr agrccment bctwccn I" and 2'1<' tracin~s. Agc 9. 
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Figure 4.7b 
Figure 4.7c 
Intra-rater Observed (digitised) Points . Age 13 
Solid = 1 st tracing ; Dashed = 2nd tracing 
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Intra-rater agreement between l it and 2nd tracings. Age 11. 
Intra-rater Observed (digitised) Points . Age 15 
Solid = 1 st tracing ; Dashed = 2nd tracing 
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Subject 4 
Intra-rater agreement between 11' and 2"'1 tracings. Age 15. 
From these plots we can see that most of the ' disagreement' seem to be in the ant rior 
incisal region (points 13-35), and perhaps some around the condyle and mandibul ar 
notch (points 54-62 and 62-67 respectively) areas . The two tracings do however look 
like they are in good overall ' agreement' , where similar pattern can be en for all 
three availab le age groups. 
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Similar results were observed for the other four subjects who had been re-traced and 
re-digitised in this intra-rater sample. 
In order to test if these differences between the 1 st and 2nd tracings were significant, the 
predicted fit of each mandible was first of all calculated using the EFF software 
package (in fact, these predicted outlines had already been calculated for the 1 st lot of 
tracings). For each predicted outline (5 subjects, each with 3 films), linear distances 
from the centroid to each point on the mandibular outline were calculated for each pair 
of tracings. The difference between the 1 st and 2nd tracings for these centroid-to-outline 
points were then calculated resulting in 78 calculated differences for each of the 5 
subjects, each with 3 films from ages 9, 11, 13 and 15. 
Student t-tests were subsequently carried out to see if the mean differences (for the 15 
mandibular outlines) between the distances from the centroid to each of the 78 points 
on the mandibular outline of the two tracings, for each subject at each available age, 
were significantly different from zero. The null hypothesis is then 
HO: j..l difference = j..l 1st tracing - j..l2nd tracini = O. 
Intra-class correlation coefficients for each pair of boundary outline points on the 
mandibular outline between the 1 st and 2nd tracings were also calculated, again for all 
15 mandibular outlines. This provides an indication of 'agreement' for each point on 
the mandibular outline between the 1 st and 2nd tracings for the 5 subjects included in 
the study, at each available age. 
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Although the tests were carried out for every point on the mandibular outline, 
particular attention was paid to the 19 anatomical landmarks since the other points are 
dependent on the accuracy of these landmark points, and there will obviously be some 
correlation between clusters of points anyway. It should also be noted that a 
Bonferroni correction is necessary for the purpose of this study. This is because there 
are so many homologous points being assessed at once, and therefore there are bound 
to be some significant differences between the points at a conventional individual 5% 
level by chance alone. This correction reduces the conventional significance level of 
0.05 to 0.05/19 = 0.0028 for an approximate overall 5% significance level. 
Results are reported for the anatomical landmark points in Table 4.2 (a) and for the 
intermediate points in Table 4.2 (b), where significant differences exist between 
tracings for those landmark points marked with an *. 
Overall there does not seem to be much disagreement between the 1st and 2nd tracings 
for the 5 subjects in this study, where each available film was traced by the same 
observer. The only significant difference (p<0.0028), between the pt and 2nd tracings 
for anatomical landmarks, lies at point 23. There are also significant discrepancies at 
nearby, associated intermediate points 21, 22 and 24 (as well as intermediate point 
52). The 95% Cl for the mean difference does not include zero and is wholly negative. 
This suggests that the mean distance from the centroid to point 23 on the 1 st tracing is 
less than the corresponding distance for the 2nd tracing for this particular landmark 
point (and perhaps neighbouring points). In other words the 2nd tracing of the 
mandibular outline for this set of subjects is further away from the centroid than the 1 st 
tracing in this particular region of the mandible. Such a discrepancy for this particular 
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landmark point between the two tracings does not seem surprising since this was one 
of the regions in which landmark points were difficult to identify. The intra-class 
correlation coefficients between the 1 st and 2nd tracings, for each of the anatomical 
landmarks are satisfactory, where all but two are >0.75, which backs up the suggestion 
of good agreement. It is perhaps of some concern that the correlation coefficients for 
landmark points 3 and 39 are as low as 0.516 and 0.358 respectively, but this is 
probably due to difficult identification of those particular landmark points on one film. 
Any observations on these points should never the less be interpreted with caution. 
Further, the magnitude of any disagreements between the tracings for this intra-rater 
agreement study are probably small, according to our SUbjective impression of the 
plots of observed points previously. 
It could be argued here that the Bonferroni correction might make the test too 
conservative. Indeed, if the individual 95% confidence intervals are examined at face 
value, we find more significant differences between tracings, both in the landmark 
points and when including the intermediate points. For example, the discrepancy 
between tracings for point 3 could be nearly 5mm, which would possibly be 
considered very important clinically, although is not found to be statistically 
significant at p=0.0028. Some people might prefer then, to look at intra-rater 
agreement in the context of equivalence, which might reveal more of a difference 
between tracings. 
117 
Point N Mcnn Stnndo rd OevloUon SE Mc_ n T-St.UsUe P-vnh'6 9~% ('.1. I.e.!' 
Difference 
I 15 -0.086 0.861 0.222 -0.38 07 1 (-0 162, 0391) 0.971 
3 15 -2.381 4.098 1.060 -225 004 1 (.4610, -() 110) 0116 
D 15 -0. 125 1.1 40 0294 -0.42 068 (-0716,0506) 0951 
18 15 -0.376 0.781 0.202 -186 OO~ (-0 808, 0057) 0960 
23· 15 -0.45 1 0.401 0.104 -06 0.0007 (-0 674, -0 229) 0986 
27 15 -0.00 1 0.646 0.167 ·0.00 1 0000 (-0.358, OJ 17) 0966 
31 15 -0.329 0.441 0.11 4 -2.89 0.0 12 (-0.573, -0.085) 0992 
35 15 -0.770 1.1 29 0.291 -2.64 00 19 (- I J96, -0.141) 0.9\ 1 
39 15 - 1.870 3.984 1.030 - 1.82 0.091 (-4 .01lO, OJ 40) o JSB 
43 15 0.278 0.595 0.154 1.81 0092 (-0.01 1, 0608) 0962 
45 15 0.186 1.1 71 0.302 0.6 1 0.55 (-0.463, 0834) 0.858 
49 15 -0.159 0.716 0.185 -086 040 (-0.516, 0.237) 093\ 
5 1 15 -1.337 1.975 0.510 -2.62 0.02 (-2 431 , -0.243) 0711 
54 15 0.282 1.438 0.371 0.76 046 (-0.5 14, 1079) 0.924 
58 15 0.019 1.057 0.273 007 0.95 (-0.567, 0.605) 09\8 
62 15 0.724 1.804 0.466 1.55 0 14 (-0275, I 723) 0891 
67 15 0.046 1.6 15 0.4 17 0.11 0.91 (-0849, 0940) 0899 
72 15 0.111 1.25.5 0.324 0.34 07,1 (-0 . .58.5, 0.8(6) 0.9.52 
76 15 0.234 1.846 0.477 049 063 (·071(9, 12 6) 0878 
Table 4.2a Intra-rate!' agreement. Landm~lI-k points only. Ulllldjustcd data. 
Point N Menn Standurd SE Melln T-Stlltlstle I'_value 9~% (',I. I.C.C 
Difference Deviation 
2 15 - 1.092 2237 0.578 - 1. 89 0080 (·233 1,0 147) 0771 
4 15 -2. 166 3.802 0982 -221 0041 (-4 272, ·0060) o 51N 
.5 15 - 1.625 3307 0.854 - 1 90 () 078 (-3416, () 207) 0112 
6 15 -0.816 2638 0681 - 1.20 025 (-2277,0646) OW9 
7 15 -0.014 1.788 0.462 -0 OJ 098 (- I Oo.l, 0977) 0611 
8 15 0.4 14 2677 0.691 060 056 (-1 069, I 8(6) o IU7 
9 15 0.157 2609 0.674 023 082 (- 1.288, I 602) 0192 
10 15 0.002 1838 0.474 0 .00 1 00 (- I 0 16, I 020) 0779 
11 15 0.072 1435 0.370 0.19 081 (-0 72\ 0 866) 0876 
12 15 0.002 I 137 0294 001 099 (·0 618, 0 6.12) 0 9W 
14 15 -0.085 0.826 0.2 13 -0.40 070 (-0 756, (J 1(6) 0971 
15 15 -0.175 0.674 0.174 -1 01 013 (.0.542, 0 17. ) 0978 
16 15 -0.223 0.705 0.182 - 1.22 024 (-06 1'1, 0.168) 0 971 
17 15 -0.464 0.776 0200 -23 1 0036 (.0 X94 , -0 (34) tl9f>.1 
19 15 -0.397 O.7H I 0.202 - I 97 0069 (-0 X30, 0 011) tl<)(~l 
20 15 -0.382 06 14 o ISH -24 1 tl 010 (-0722, .() 04J) U 974 
2 1· 15 -0.W8 0424 0.109 -) 64 00027 (-0631, -0 164) (lQ87 
22· 15 -0510 0.449 0 116 
-440 00006 (.0 719, -(261) o '1~3 
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ctd ... 
Point N Mean Stnndn rd SE M. nn T-Statl . tlc rt.vAluD 9~% (' .I . I.r.e 
Dirference Deviation 
24' 15 -0.430 0.365 0.094 -4.56 00004 (-0 6~2, -(228) 09K9 
25 15 -0.312 0.41 2 0.106 -2.93 0.0 11 (-0.5<10, -0 084) 0 .9t<6 
26 15 -0.187 0.526 0. 136 -1.38 0.19 (·0479,0 104) 0978 
28 15 0.515 0.970 0 .25 1 2 .06 0059 (-0022,1.053) 0 .923 
29 15 0.159 0.880 0.227 0.70 050 (-0 329, 0 646) 0 .944 
30 15 -0.212 0.606 0. 157 -1.36 0.20 (-0 548, 0.124) 0.91n 
32 15 -0.25 1 0.450 0.11 6 -2.16 0.049 (-0.500, -0 002) 0992 
33 15 -0.228 0.641 0.165 -1.38 0 19 (-0.S83,O.127) 0983 
34 15 -0.41 0 0.943 0243 - 1 68 0 11 (-0932,01 12) 09M 
36 15 - 1. 090 1.206 0.3 11 -3.50 00035 (- 1.759, -0.422) 0938 
37 15 -1.467 2.260 0.584 -2.5 1 0.025 (-2.7 19. -0.2 IS) 0793 
38 15 - 1. 701 3.425 0.884 - 1.92 0.075 (-3 .599.0. 196) 0 .559 
40 15 - 1.453 2.482 0.641 -227 0040 (-2827. -0 078) 0624 
4 1 15 -0.780 1.602 0.4 14 -1.89 0.080 (- I 668, 0. 108) 0.795 
42 15 -0. 147 0.742 0.191 -0.77 0.46 (-0.557.0264) 0.945 
44 15 0.408 1.086 0.280 1.45 0.17 (-0.051.0.608) 0 .863 
46 15 0. 11 9 1.260 0.325 037 072 (-0.H9. 0SI7) 0845 
47 15 -0.029 0.807 0 .208 -0. 14 089 (-0.476. 04 18) 0925 
48 15 -0.11 7 0.684 0 .177 -066 052 (-0496.0.26.) 0 .942 
50 15 -0.744 1.372 0354 -2 10 0.054 (- I 04.0016) 0 769 
52' 15 -0.765 0.956 0247 -3.10 00079 (-1 291. ·0231) 0 .949 
53 15 -0.076 1.1 05 0.285 -027 0.79 (-0 6K9. 0 \36) 09'14 
55 15 0,342 1.1 29 0 .292 I 17 026 (-0 .28.\ 0 968) 0953 
56 15 0 .11n 0.943 0 .243 0.75 047 (-0 3,10. 0 70,1) 0968 
57 15 0 .068 0.9 12 0 .235 029 078 (-0437.0173) 0970 
59 15 0.089 1 290 0.333 0 .27 0 .79 (-0 621, 0 8(3) 0940 
60 15 0 .268 1.455 0 .376 071 049 (-0138. I 074) 0921 
6 1 15 0 .569 1.625 0.420 I 36 020 (-0331. I 469) 09 11 
63 15 I 097 1.483 0.383 286 00 12 (0271. I 918) 0892 
64 15 1.245 1.394 0 .360 346 00038 (0473, 2017) 0878 
65 15 0 .761 1 4113 o 3K\ 199 0067 (.0061. I 183) 0876 
66 15 0.462 1.424 0368 1.26 023 (-0326, 1 25 1) () 90') 
68 I I -0 174 U39 0 .397 -044 067 (-1 027. 0679) 091 I 
69 15 -0.267 1.375 0.355 -075 (l46 (-1029,0 49,1) 093N 
70 15 -0.360 1.1 66 0.301 - 1 20 02 (- I (lOI>, (286) 0961 
7 1 15 -0.127 1.1 55 0298 -0 43 068 (-0767, () 112) () 91>0 
73 15 0 196 1.324 0.342 0 .57 018 (.0 138. 0 929) (\ 944 
74 15 0 .322 U26 0394 082 043 (-0124, I 167) 0921 
75 15 0294 1.765 0456 OM 013 (·0684. 1 27 1) 089 
77 15 0 .187 1.202 0.3 10 060 016 (·0 479,0 8n) () 903 
Table 4.2b IntJ'a-l-ater agreement. Intermediate Points. Unacl.iustecl (hlta. 
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4.3.2 Inter-rater Agreement 
In order to investigate agreement between observers, a set of tracings which had been 
collected in an identical manner by Dr Simon Chen, a co-worker in Glasgow Dental 
Hospital and School, who had been conducting a parallel study to my own were 
utilised. This parallel study selected different cases from the same historical collection 
of cephalograms, where x-ray films had to be available for all 4 age groups, 9, 11, 13 
and 15 years, but following the same exclusion criteria of orthodontic patients and 
'untraceable' films (as outlined in Section 3.2.3). This study resulted in a series of 24 
subjects, 13 males and 11 females, each with 4 x-ray films corresponding to ages 9, 
11, 13 and 15. 
In a similar manner to the intra-rater study, a randomly selected group of 5 subjects x-
ray films, for each age, were re-traced and re-digitised from this set of 24 subjects i.e. 
20 films in total. 
The main aim in carrying out this particular error study was to see if the two sets of 
tracings (23 subjects in my study, 24 in Dr Chen's) could be combined so that any 
further analyses could be carried out on a bigger sample. 
Plots of observed points for each subject were obtained for each age, 9, 11, 13 and 15, 
from each observer. The tracings by Observer 2 were superimposed on those by 
Observer 1, as in the intra-rater study, and areas of 'disagreement' identified. 
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Differences between the tracings were obvious from the e plot , more pronounc d in 
places than the differences seen in the intra-rater study, and occurring in almo tall 
areas around the mandibular outline. In some cases, it was difficult to believe that the 
same mandible had been traced, whilst in others the tracings between observers were 
extremely close, albeit usually confined to the ' easier' areas such as the lower border 
of the mandible. A typical example is shown for one particular subject in Figures 4.8 
(a) to (d). It can be seen that there is indeed ' more ' overall disagreement between the 
two tracings, for each age, than that seen in the intra-rater study, and such 
disagreement is not now confined to certain ' difficult' areas of the bone, but rather 
occurs around the whole outline. 
Fi~rul'e 4.8a 
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Inter-rater Observed (digitised) Points. Age 9 
Solid = 1 st tracing ; Dashed = 2nd tracing 
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Intel'-ratel' agreement between I" and 2no tnlcin/.!s, Age 9. 
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Figure 4.8b 
Fil"fUl'e 4.8c 
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Solid = 1st tracing; Dashed = 2nd tracing 
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Subject 2 
Inter-rate)' agreement between 1 st and 2nd tracings. Age 11. 
Inter-rater Observed (digitised) Points. Age 13 
Solid = 1 st tracing ; Dashed = 2nd tracing 
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Subject 2 
Inter-rater agreement between l 't and 2nd tnlcings. Age 13. 
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Figure4.8d 
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Subject 2 
Inter-rater Observed (digitised) Points . ~e 15 
Solid = 1 st tracing; Dashed = 2nd tracing 
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Inter-rater agreement between l I t and 2"d tracings. Age 15. 
As before, the predicted fit of each mandible was first of all calculated using the EFF 
software package. For each predicted outline (5 subjects, each with 4 films), linear 
distances from the centroid to each point on the mandibular outline were calculated for 
each pair of tracings. The difference between the ISl and 2nd tracings by Ob rver 1 
and 2 respectively, for these centroid-to-outline points were then calculated r suIting 
in 78 calculated differences for each of the 5 subject , each with 4 films from ages 9, 
11 , 13 and IS . 
The same formal t-test analysis was conducted as for the intra-rater tudy, in rder to 
see if the mean differences (for the 20 mandibular utlines) betwe n th di , tan e 
from the centroid to each of the 78 points on the mandibular utline f the tw 
tracings, for each subject at each available age, were ignifi cantly dim rent from zer . 
That is , testing the null hypothesis , as before, of 
HO: ~ dlnCrence = I..l\ Sllmcmg - ~ 2ncllrn Ing = O. 
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Further, intra-class correlation coefficients for each pair of boundary outline points on 
the mandibular outline between the 1st and 2nd tracings by Observers 1 and 2 (myself 
and Dr Chen respectively) were again calculated. Results are shown, for anatomical 
landmark points and intermediate points respectively, in Tables 4.3 (a) and (b). 
Overall, 9 of the 19 landmark points (and a significant proportion (25) of the other 59 
intermediate points) are significantly different between the tracings of observer 1 and 
observer 2 (tracings 1 and 2 respectively). It is of interest that points around the 
condylar region (points 51-76) are not significantly different. There is however 
evidence of quite large discrepancies between observers in all other areas around the 
mandibular outline, as well as some poor intra-class correlation coefficients indicative 
of poor agreement between observers. 
These results suggest that the two data sets of 23 and 24 subjects respectively are too 
different to be combined. 
As with the intra-rater study, it might be considered that the test is too conservative. In 
fact if the individual 95% confidence intervals are examined at face value, we find 
many more significant differences between tracings between observers, both in the 
landmark points and when including the intermediate points. However, it is clear that 
tracings from different observers should not be combined. 
124 
(·olnt N Mean Standard SEM •• n T-Slatlstlc 1'-vA lue 9~~, C.1. 1.('.(' 
Difference n evl.tlon 
····r·:· .. ··· .. ······· .... :iO .. .. ........ ·T69ii ...................... .. ...... ·i:675 .............................. 0·'j'.:;S' ........ · ........ ·::n'j' ............................ o·oooi .................. c:r.i·iii:·:o·'9i·;jj .......................... ii·iiii4 ............ 
3' 20 -3.633 3.297 0.737 ·4 93 0000 1 (-1176.·20h'9) 012 1 
13- 20 2856 1 695 0379 7.53 <0000 1 (2062. 3 641) 08 16 
18' 20 1.254 1.393 0.311 4.03 00007 (0602, 1 906) (1911 
23' 20 1.383 1.643 0.367 3.76 00013 ( 0 6 14, 2 113) 0841 
27' 20 U56 1.389 0.311 5.0 1 00001 ( 0 906, 2 206) 0 86N 
31 20 -0.257 1.583 0.3S4 ·073 048 (-0998. 04K1) OX69 
3S' 20 2534 1.56 0.349 727 <0 0001 ( I 803, 3 264) 0870 
39 20 1.037 3 li S 0696 149 015 (-0421,2 495) (1696 
4)- 20 0.967 0909 0.203 4.76 0000 1 (0 141 , 1 192) 0907 
45 20 -0579 1.759 0.393 - I 47 016 (- I 403, 0244) 0759 
49' 20 0.838 1.022 0.228 367 0.0016 (0359, I 316) OX99 
51 20 -0.679 3,320 0.742 ·0 91 037 (·2233, 0876) 0640 
54 20 0.639 2.261 0.506 1.26 022 (·04 19, 1 698) 0807 
58 20 0.952 2.05 1 0.4S9 207 0012 (·0009, 1912) o N28 
62 20 -00401 2.666 0.596 -067 O.S I (. 1 649, 0 848) 0731 
67 20 -0.468 1.525 0.341 -137 0 19 (. 1 1Il\ 0246) 0 896 
72 20 -0.845 2.828 0.632 -1.34 020 (·2 169, 0 479) (] 697 
76 20 -0.09 1 3.003 0671 -0 14 089 (· 1 497, I 311) (172.1 
Table 4.3a Inter-rater agreement. Landmarl{ Points only. Ul1l1dJusted data. 
1>011\1 N MeRn Stundttrd SE Me. n T-Stotlstlc P-vlllue 9~% C.1. I.C,C 
Difference Deviation 
2 ' 20 -2.612 2.059 0460 ·567 <00001 (-3176, - I 64K) 0753 
4' 20 -3.349 3.071 0687 -4NK 00001 (-4 786,- 1 9 11 ) 0107 
5' 20 -2.727 2777 0.621 -439 00003 (-4027, · 1 427) 0410 
6 20 -1.261 2161 0573 -220 0040 (·2 460, -0 06~) 0001 
7 20 1.094 2,364 0.529 207 0012 (-001\ 2 2(0) .Il >29 
X' 20 37S2 1 849 0 413 908 , 00001 (2NK7, 4 617) 0662 
9' 20 3 726 1.81( 0.355 1049 <0000 1 (2 983, 4 469) (J 712 
10' 20 3.779 1.625 O. 63 1040 <0000 1 (1 019,4 140) 0717 
11' 20 3.560 1.798 0402 KKI <0 0!X1I (~.7 1 1(, 4 402) 0691 
12' 20 3.242 1904 0426 7.61 , O()((lI (2 '10, <I 1J1) () 71,t 
14' 20 2.638 1.31 0 0293 901 ' 0000 1 (2021, 1 212) O!XJ.I 
IS' 20 2.104 1.038 0232 906 0000 1 (I 61t1, 1 190) 0')16 
16' 20 1.965 1220 0l7. 7.20 ,O()(IO I ( I 94, 2 I 6) 0967 
17' 20 1 697 1143 0178 6 10 0000 1 ( I 11 I, 2 27(1) 0964 
19' 20 I 133 1297 0.290 391 00009 (0 ~26, I 741) O'IW 
20' 20 1.053 I 138 0~54 4 14 00006 (0 120, I 1Nl) ilQ67 
2 1' 20 I 121 1)33 0298 3 76 00013 (0497, I 741) n 91 1 
22" 20 1.197 1430 0320 3 74 0001'1 (0 121(, I K67) (l 9~O 
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ctd .. . 
Point N Mea n Slond. rd SE M •• n T-Stoll.tlt I'-va lue 9~% C.I. I.C.<' 
Difference DeviAtion 
24- 20 1 050 1 229 0.275 382 00012 (047\ 1626) o H74 
25- 20 0.878 1.012 0.226 388 00010 (0 401. I 352) o H9I! 
26- 20 1.066 1.089 0.244 08 00003 (0 "6. I n6) OH9' 
28- 20 2.040 1.7 18 0384 D I ,,0000 1 ( I V6, 2 844) OH28 
29 20 1.003 1803 0403 249 o on (0 l W, I 847) OH06 
30 20 -0.079 1.779 0.398 -0.20 084 (-0.9 12,0 754) o H22 
32 20 0.734 1.471 0.329 223 0038 (004'. I 422) 0894 
33 - 20 1 889 1.477 0330 572 <00001 ( I 197,2 'HO) 0 890 
34- 20 2.674 1.340 0300 893 <00001 (2047, 3 1(2) 0904 
36- 20 2.128 1.865 0.41 7 5 10 0000 1 ( 1215,3001) 0794 
37* 20 1.81 6 2.258 0.505 360 00019 (07 59, 5873) 0741 
38 20 1.494 2.802 0.626 2.38 0028 (0 I !Cl, a05) 0693 
40 20 1.1 71 2.305 0.5 15 227 oms (0092, 2250) 06HO 
41 20 1.262 2.016 0451 2 80 0011 (03 19,2206) 059.\ 
42 ' 20 1.226 1.533 0343 3 58 00020 (0 50X, I 94') 0754 
44 20 0.148 1.444 0.323 046 065 (-0 m,0824) 0777 
46 20 -0.285 1.814 0406 -070 0 49 (· 1 13\ 0 56-1) (1709 
47 20 0.029 1.418 03 17 009 0.93 (-0 634, 0 693) 0773 
48 20 0.498 0.94 1 02 10 236 0029 (057.0931:1) (1906 
50 20 0.104 1.330 0298 0)5 073 (·0 51H, 0 727) o 8S3 
52 20 -0. 192 2.486 0556 -03\ OD (- I '56. 097 1) Ob99 
53 20 0.154 2.249 0.503 0) 1 076 (.0899, 1 207) 0 7 17 
55 20 0.923 2.224 0.497 1 86 0079 (-0 118, 1 964) 0806 
56 20 0.998 1.965 0.439 227 0035 (007X, I 9 18) 08,16 
57 20 0.991 1.954 0437 227 001\ (0 076, I 901) 08 17 
59 20 0.814 2.225 0.498 1 64 0.12 (-0228, I 856) 0 799 
60 20 02 19 2389 0534 0 41 069 (-0 899, I 131:1) (1 778 
6 1 20 -0. 157 2.492 0.557 -028 078 (-1.323, I ( 10) 0 7\2 
63 20 -0435 2.415 0.540 -081 04) (-1566,069\) 0806 
64 20 -0.328 2061 0461 -07 1 049 (. 1 29\06.' 7) t) 86: 
65 20 -0.389 1.782 0398 -098 034 (- I 22.1, 0 4H) (18'11 
66 20 -0.447 1645 0368 - I n 0.24 (-1217 , 0322) () 897 
68 20 -0936 1.474 0.329 -284 00 10 (- I 6.6, -0 246) (11«17 
69 20 -0.99 1 1661 0.371 -267 00\5 (- I 768, -0 21_) (1867 
70 20 -1 502 2292 o 5 1~ · 2 . 9~ 0lXll!6 (-2571, ·0 429) 0 77Q 
71 20 - I V I 2636 0589 -209 0010 (-2461, (I (KI) (1 727 
73 20 -0601 2 952 0660 -091 017 (- I 'IX" ( 781 ) o ~77 
74 20 -0.574 2.989 0 .668 -086 040 (- I Q7 ,(826) 1l6H6 
75 20 -0 483 3016 0674 -on o 4X (-I XQl,lIQ2Q) 0 700 
77 20 -0 707 1.3 10 0293 -2.41 0026 (- I ' 20, -01l94) 0919 
Table 4.3b Inter-rater agreement. Intermediate Points. Unlldjusted dllta. 
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4.3.3 Adjusting for the Centroid 
It was noted that the position of the centroid for the predicted fit calculated by the 
elliptical Fourier function, between the 1st and 2nd tracings (or for observer 1 and 
observer 2) had changed due to even the slightest alteration of the boundary outline. In 
other words, the centroid is not a fixed point between tracings, and therefore the 
centroid for the 2nd tracing would have different (x,y) co-ordinates than that of the 1 st 
tracing. Consequently, the linear distances from the centroid to each point on the 
mandibular outline will be different for tracings of the same mandible taken at 
different time points, even if the difference in centroid values is small. Thus, when 
direct comparison was made for the linear distances from the centroid to the boundary 
outline between the two tracings, the magnitude of error might be exaggerated. For 
example, the distance from the centroid to the boundary outline between the 1 st and 2nd 
tracings, for point 23, in the above unadjusted intra-rater study, was found to be 
significantly different. This indeed might reflect a true difference between tracings, or 
might be exaggerated due to the fact that the centroid to boundary outline distances for 
the two tracings will be different since the positions of the centroids will be different 
to begin with. To circumvent this problem subjectively, superimposition was done by 
hand on the centroid of the predicted outlines for the 1 It and 2nd tracings. This was 
equivalent to the superimposition of the observed (digitised) plots where the centroid 
of the two tracings could be superimposed accurately, resulting in similar pictures of 
discrepancy for the predicted outlines i.e. minor errors seen between the lit and 2nd 
tracings for the one observer, and an overall pattern of 'disagreement' between 
observers. 
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More fonnally, it was decided that an adjustment should be made utilising the centroid 
position of the 1 sI tracing to calculate the linear distances from the centroid to the boundary 
outline of the two tracings and the analysis redone. This adjustment was carried out in the 
following way. 
The centroid values of the 1 sI and 2nd tracings (or tracings from observer 1 and 
observer 2) were checked and compared to establish that they were indeed different. 
The (x,y) co-ordinates of the 2nd tracing were converted using the (x,y) co-ordinates of 
the centroid of the 1 sI tracing in order to get adjusted distances for the 2nd tracing, with 
fori = 1, ....... ,78 
The linear distances for the 1 sI tracing remained the same. 
This adjustment procedure ensured an identical, fixed starting point for the calculation 
of the linear distances from the centroid to each point on the mandibular outline for 
both the I s1 and 2nd tracings (or tracings for observer 1 and observer 2). 
The same fonnal analysis was carried out on this new 'adjusted for centroid' data. The 
results for both the intra- and inter-rater agreement studies were very similar to the 
previous analysis using the unadjusted linear distances. The results are summarised in 
Tables 4.4 (a) and (b) and 4.5 (a) and (b) for landmark and intermediate points and 
intra- and inter-rater studies respectively. 
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Point N Mean StAndnrd SF; Me. n T-SI, tI.tlc P-vM lu l' 9% (' .1. I.C(, 
Difference Dev lfttlon 
I 15 -0.017 1 0.2740 00708 -0.24 08 1 (-0 169,0111) 0998 
3 15 -2.2746 3.9289 I 0 144 -224 0042 H 410. -0 lOO) 0161 
13 15 -0.7525 1.5801 04080 - 184 0086 (- 1 621<,0 123) (1901 
18 15 -1.0439 1.7074 04408 -2.37 0033 (. 1 990, ·0 091<) o ~Ol 
23 15 · 1.1035 1.6408 0.4237 ·2.60 002 1 (-2012, -0 195) () 792 
27 15 -0.6369 1.81 23 0.4679 -136 0 19 (· 1 64 1,0 367) 0762 
31 15 ·0.8526 1.5997 0.4130 ·2.06 oo~ (- I 739, 0.033) 0~97 
35 15 - 1.2414 2 .0001 0.5164 ·2 40 003 1 (·2349.'() m) OMI3 
39 15 -2. 1724 4.778 1 1.2337 - 1 76 0.10 (·4 ~O. 0 470) O D 7 
43 15 0.5206 0.7096 01832 284 0013 (0 127. 0914) 0961 
45 15 0 .7599 1.5470 0.3994 1.90 0078 (·0097. I 617) ON2l< 
49 15 0.4613 1.5318 0 .3955 I 17 026 (·03N7. UI O) ON47 
51 15 ·0.8449 1.9757 0.5101 · 1 66 0 .12 (- I 939,0.210) 0797 
54 15 0.7445 2.0904 0.5397 1.38 0 19 (-04 13, 1.902) O X68 
58 15 0.4178 14720 03801 I 10 029 (-0.398. I 2.13) 0930 
62 15 1.0911 22729 0.5869 1 86 00l!4 (-0 1(;!!. 2 3 ID) 0844 
67 15 0,3 100 1.4874 0 .3841 OHI 0 .43 (-01 14. I 134) 093 1 
72 15 0 .1526 1.2654 03267 04R 064 (-054.0857) 09W 
76 15 0.244 1 1.6593 04284 0 .57 0.5H (-0671. I 161) 0910 
Table 4.4a Intra-rater agreement. Landmarl< )loints only. Ad.iustcd for ccntl'Oid data. 
Poillt N Mea n Standa rd SE M •• n T-SlotlSllc P-vRlue 9~'Io C.1 . 1.('.(' 
Dlrrerence Deviation 
2 15 - 1.0005 1.9708 0.5089 · 1.97 0069 (·2092.009 1) 0830 
4 15 ·2.0724 3 6 143 0.9332 ·222 0043 (.4 074. 0070) 0176 
5 15 - 1.6067 31042 0.8015 -200 0061 (-,126.0 111) 06 11 
6 15 - 1. 0790 2,3955 o 6 1H5 · 1 74 0 10 (-2406.0241<) 067 1 
7 IS -0.7052 20866 0.5387 - 131 021 (.1861.0 411) 0100 
8 15 ·0. 1895 32545 08403 -02.1 O~ (· 1 992. I 611) 0,174 
9 11 -0.4521 3056S 0.7892 ·OS7 0.111 (.2 14 ~. 1 241) (lIH 
10 15 -0.61 16 2.31 70 0.S983 - 1 02 0 12 (. 1891,0672) 0728 
11 IS -0.5401 I 9317 0.4988 - 1 01< 030 (· 1 610, () '10) OXOI 
12 IS ·0.6173 I S390 0.3974 - I. 5 0 14 (. 1 470,02.11) OX% 
14 15 · 07283 1.5607 0 .4030 · 181 0092 (. 1 191,0 116) 0897 
15 15 -08364 1.4640 03780 ·22 1 004 1 (· 1 6·17, .(021) 11 891 
16 IS -0.8923 1.5184 0.3920 ·228 009 (- 1 711, ·(101 1) O~64 
17 I S - 1.1346 16254 0 41 97 -270 001 7 (·20'1, -(121 I) OX16 
19 15 - 10625 1 7668 0 4562 ·2 13 0011 (·204 1 •. (1 OM-I) (l7K' 
20 15 - 1.0450 1 662 1 0.4291 ·2 44 0029 ( 1 966,·0 124) 079'1 
2 1 I S -1.0576 1.57IS OA058 ·261 0021 (· 1 92M,'0 I N7) OX I9 
22 15 -1.662 U43J 0.398S ·2. 93 00 11 (-2 (12 1. -0 111 ) (l NIX 
12 
ctd ... 
Poillt N Menn StnndArd SI; 1\1 •• n T-Statlstl, P·VIiI lue 9~"'. C.1. 1.('.(' 
Difference Devl.tlon 
24 15 · 1.0785 1.6577 0.4280 ·252 0025 (-1997. -0160) 0 79-1 
25 15 -0.9563 1.6935 04373 -2 19 0046 (-III94. -00 IX) o 7119 
26 15 -0.8282 1.7645 04556 -182 0091 (-I 806,0149) 077,1 
28 15 -0.0979 2.0D5 0.5199 -0 19 08' (·1.2D,1017) 0 7 1,1 
29 15 -0.425 1 1.9002 0.4906 -087 040 (· 1 47H,0627) 0771 
30 15 -0.7660 1.8805 0.4856 -1.58 014 (·1 808,0276) o x17 
32 15 -0.7628 1.6390 0.4232 - 1.80 009J (·167 1,0145) 0891 
33 15 -0.7240 1.7664 0.4561 -159 OD (· 1 702, 0.254) OXXO 
34 15 -0.89 17 1.9395 05008 -1.78 0097 (.1966,OIX3) o XI7 
36 15 -1.5284 2.3042 05950 -257 0022 (.2805, -0 252) 0.7XI 
37 15 -1.8675 J .2474 08385 -223 0043 (-J .666, -0 069) 0.178 
38 15 -2.054 1 4.3023 1.1109 -185 0086 (-'144,033) 0.J26 
40 15 -1.6917 J .2357 0.8354 -2.02 0062 (.J .4I14,O.101) 0372 
41 15 -09234 2.2284 0.5754 -1 60 0 13 (·2 1IX,031 1) 0190 
42 15 -0. 1260 1.1477 0.2963 -04J 068 (·0.762,05 10) OHM 
44 15 0.8693 1.2 148 0.JD7 277 001 I (0 196, I 542) 0879 
46 15 0.7233 1.73 13 04470 1.62 OIJ (-02J6, I 00) o 7h'9 
47 15 05914 1.5517 04007 148 0 16 (-02611, I 411) 0839 
48 15 0.5074 1.5433 03985 I 27 022 (-0347, 1362) o X10 
50 15 -0 1642 1.5516 0.4006 ·041 0.69 (-1.024, 0695) oxlt) 
52 15 -0.2921 I J325 o J441 -0 HI 04 1 (- I 9J9, U210) () <>1' 
53 15 0.3917 1.7767 o 418R 081 04 1 (·0 192, I 376) OXM? 
51 15 07928 I 85JI 04785 166 0 12 (.0214, I X19) OX96 
56 15 0.6175 1 6606 04288 I 44 01 7 (·0 J02, I 137) U91X 
57 15 04854 1.5014 0.3877 1 21 02;\ (.0346, 111 7) 0930 
59 15 04704 1.5619 04033 I 17 026 (-0191, I 316) 0922 
60 15 06376 18447 o 476J I 34 020 (-0 . 1<4, I 619) o X91 
6 1 15 0.9346 2.0258 052.11 1 79 0096 (-0 INX, 2 017) oxn 
6J 15 14599 1 7818 04600 3 17 00068 (0471,2447) () XII 
64· 15 I 1936 I 6439 04245 375 00021 (06111, 2 104) o xI7 
65 15 1 0910 16465 04251 257 oon (0179, 200 ) 11 X7 
66 1\ 076 10 1.4306 03694 206 o OIX (-003 1, I 1\3) () <124 
6R 15 00403 14216 03670 0 11 091 (.0747, 0 XlII) 0940 
69 15 -0.101<4 1.4626 0.3777 -029 07X (·09 19,0702) 091'1 
70 15 -02576 I 3381 034 I -0 7~ () 47 (-0999. 04X4) (1911 
7 1 15 -00558 1.2078 0.3119 ·Ol~ (I X6 (-0721, 061 ) Ollh 
73 15 02275 1.2689 03276 069 010 (-0471, () 11. 0) (1)17 
74 15 0.3437 1.3876 o 35X3 096 011 (-0421, I 11 2) () 941 
7~ IS 03085 1.5787 04076 076 046 (.0166, I IX1) ()9l 
77 15 02133 0.8453 02183 098 () 14 (·021I,06lr.!) () 96(1 
Table 4.4b Intra-rater agreement. lntenncdiatc points. Ad,illstcd for cClltroid data_ 
o 
Point N M •• n SI.ndnrd SE M •• " T -Stotl, tlc 1)~vn lu lB 9~'/. C. I. I.C.(' 
nlffer. nco n ovl.llon 
I" 20 - 1.829 0. 1683 0.0376 -4.86 0000 1 (-0.262, ·0 104) 0999 
3 20 - 1.92 11 2.9629 0.6625 -290 00092 (-, 3OH, -0 ~34) 0\77 
13 20 0.370 1 3.0019 0.6712 0.55 059 (-I 035. I 77\) 0610 
IS 20 - 1. 0026 2.204 1 0.4929 ·203 00\6 (-2.034, 0 (29) 0862 
23 20 - 1.0963 2.0342 0.4549 -2.4 1 0026 (-2.049, -0144) o 76~ 
27 20 -0.9888 1.7328 0.3875 ·255 0019 (-I 800, -0 11N) 0~ 1 2 
3 1" 20 -2.8813 1.6703 0.3735 ·77 1 00000 (·3 .663, -2 099) (}896 
35 20 -0.0262 2.0612 0.4609 -0.06 096 (-0991, 0.939) ON49 
39 20 -1.1 957 3.3844 0.7568 ·1.58 013 (-2 .780.0389) 0 724 
43 20 0.5538 1.2976 0.2902 1.9 1 0072 (·0054, I 161) 082.' 
45 20 0.5680 1.9434 0.4346 1.31 0.21 (·0.342, I 41R) 0697 
49- 20 3.0429 1.8467 0.41 29 7.n 0.0000 (2 118, )901) 0677 
51 20 1.8990 3.4516 0.7718 2.'16 0.024 (0283,3515) 0623 
54- 20 3. 1070 3.2396 0.1244 
" 29 0.0004 (I 590. " 624) 0198 
SS- 20 3.3 152 3.3857 0.151 1 438 00003 ( I DO, 4 9(0) 0\62 
62 20 1.9094 3.5689 0.7980 V9 0.027 (02.19.3 .580) 0.118 
67 20 1.6748 2.7053 0.6049 2.77 0.012 (04011, 2 941) 0666 
72 20 0.5691 4.0842 0.9132 0.62 0.54 (-1.343.2481) o ll!') 
76 20 1.1 993 4. 1294 0.92.14 1.30 0.2 1 (-0 734, 3 132) 0425 
Table 4.Sa Inter-rater agreement. Landmarl< points only. Adjusted for centroid data. 
POUlt N Menn Stnndarcl SE M •• n T-Sthtl. lic Il_VR luo 9~% C.1. I.C'.C 
Dlrrerence Deviation 
2 20 -0.9727 1 4077 0.3 148 -309 00060 (. 1 632, -03 14) 0861 
4 20 - 1. 64 13 2.8 127 0.6289 -261 00 17 (.2958, ·032-1) o IM 
5 20 · 1.1 649 2 4895 0.5567 ·2.09 0010 (·2330,0001) 010\ 
6 20 ·0.2591 1.9785 04424 ·059 016 (· II ~S , 0667) 113~5 
7 20 0.6694 1.7985 0.4022 1 66 011 (.0 m, I 511 ) on3 
s- 20 1.285 1 1.J364 0.2988 4.30 o {loo4 (0 MO, I 9 11 ) o ~\9 
9 20 1.1 413 1.8733 0.4 189 272 ODD (026<1.20 18) 0 7~ 
10 20 1.1 922 22843 05 108 233 00 I (0 123, 2 262) U 67 1 
11 20 0.9892 2.6975 06032 1 64 012 (·Il 214, 2 212) (I\\)\l 
12 20 0.6962 30082 06726 1 04 () I (·0 712, 2104) Il IQ1 
14 20 0.2012 26699 0.5973 0.34 014 (. 1 049, 1 411) Il 71 
15 20 ·0.2679 2.3558 0.5268 ·011 062 (· 1371,010) o ~Ol 
16 20 ·0.3464 22902 05 12 1 ·068 0.11 (· 14 19,0726) OK,l 1 
11 20 ·0.5734 2.2401 0.5009 · 1 14 027 (. 1 622,04n) 084') 
19 20 · 1.1 382 2.1345 0.11773 · 23M (l0211 (·2 1l7. ·0 I Q) o ~I\I! 
20 20 · 1. 2498 1.9999 004472 ·219 0012 (·2 11iIi, ' O 114) (l ~76 
2 1 20 · 1. 2556 1.9508 04362 ·21l8 00096 (·2169, ·0 . 42) o ~11 
22 20 · 1.2355 1.9910 04452 
·2711 0012 (·2 167, ·0 '(1) 011 19 
ctd ... 
Poinl N Mean Slandard SF; Mean T-SI 01111 Ic P-value 9~';' C.I. 1.('. (' 
Difference Dcvlotlon 
24" 20 - 1.4461 1 8846 0.42 14 ·343 00028 (-D2II. ·0 ~64) o 7NI 
25" 20 -1.63B 1 8237 0.4078 ·401 00008 (-2 4N1, -0 7NO) (l192 
26" 20 -1.4607 1.7741 0.3967 -368 00016 (-2.291, -0 630) (l NO I 
28 20 -0.5622 1.79)4 04010 -1 40 OIN (-I 402,0277) (l NI1 
29" 20 - 1.6294 1.8863 0.4218 -386 00010 (-2.~ 1 2, -0 746) o N27 
)0" 20 -2.7165 1.8415 0.4 11 8 -660 o O<K){) (-, ~79, -I N~4) ONW 
32· 20 - 1.8761 1.7406 0.3892 -4 1!2 00001 (-2691, -1 (61) OXII6 
)3 20 -0.7019 1.8815 04207 -1 67 0 11 (-I ~I!), 0 179) 01166 
) 4 20 0.1010 1.9 190 0 4291 024 o N2 (-0797.0999) ON60 
36 20 -0 ) 887 2.2846 0.5 109 -076 046 (- I 4~II , 0 6111) o NI6 
37 20 -0.6347 2.6679 0.5966 -1 06 030 (- 1 1184.06 14) 0766 
38 20 -0.8661 3.157 1 07060 - I 2.1 02) (-2344,0612) 07 111 
40 20 -0.863) 2.5 199 05635 -1.53 0 14 (-204),0 ) 16) 0.761 
41 20 -0. 4498 2.3077 05 160 -087 039 (-I 1)0,06)1) 0702 
42 20 0.Q56) 1.8666 0.4 174 0. 13 OR9 (-011 17,09)0) 0722 
44 20 06048 1.2999 0.2907 208 0011 (·0004, I 213) o X07 
46 20 1.2097 2.231!2 05005 242 0026 (0 162, 2 2~7) 0515 
47" 20 1.8196 2.0652 0.4618 )94 00009 (0 XI), 2 786) 0171 
4S" 20 2.5225 1.8535 04 144 609 OO()()() (I 611,) )90) 0667 
50" 20 2.6828 1.7775 0.)975 6.75 000011 ( I 111 1,3 11 I) 0791 
52 20 2.)242 ) .0740 0.6874 ) )8 000) 1 (0 lQll,) 763) 0161 
5) " 20 26448 ) .0 11 0 06733 ) 9) 00009 (1231,4014) o IIX 
55" 20 3.37) 5 3.3319 07450 4.5) 00002 (I 11 14,4933) II 171 
56" 20 ) 42.1) 3.1998 0.7 155 47N 00001 ( I 921, 4921) 0604 
57" 20 3.3900 3.2853 07346 46 1 00002 (I XI2,4 921!) 0191 
59" 20 3.1482 ) 4448 07703 409 00006 ( I 136,4761) 0\4 1 
60 20 2.53)3 3.5376 07910 ) 20 00017 (01177,4 1119) 0\16 
6 1 20 2.150 1 3.54)) 0.7923 27 1 0014 (0 49 1, ) 11(0) 0117 
63 20 1.005 32505 0.7268 259 00 111 (0 )62, . 401) o fl07 
64 20 1.9810 30608 068<14 2N9 00091 (O 14«, 3 4 14) () 641 
65 20 1.8949 28449 0636 1 298 00077 (0 161. 1 227) 06cIN 
66 20 1.7830 27891 06237 2116 00 10 (0.177, 1 0119) IlnN) 
68 20 1.0554 2.5794 05768 I 8) 0011.1 (-0 112,2263) 061«1 
69 20 08127 27N70 06232 I ) 0 02 1 (-0 4<f.! . 2 11 7) U I')!:! 
70 20 0.11 89 3494) 0.7N I) 015 o ~II (- I 117, I 7~1) (14')0 
7 1 20 0.295R ) 8917 o R702 0)4 () 74 (- I 12fJ.2 I IX) tllIl'! 
73 20 0.762M 4 1794 09) 45 U N2 () 42 ( I 19.1.2 71<J) 11 'fl7 
74 20 0.75)) 11 1682 09320 o NI () 41 (- I I 'lX, 2 70 ~) 11 ~I 
75 20 ON IN2 4 1952 o 93M I o N7 019 (· 1 1'16. 27N2) 1J1W 
77 20 06706 2.1520 o 4NI2 1 19 O IN (-0 137, I 67X) tJ)t>-1 
T~lble 4.5b Inter-rate .. agreement. Intermediate Iloints. Adjusted for cntruid dat a. 
2 
Very little disagreement was evident for tracings taken by the same observer. In fact, 
not one anatomical landmark was found to be significantly different between tracings 
by the same observer (and only a single intermediate point, that being point 64 which 
is a point within a difficult area). In contrast,S anatomical landmarks were found to be 
significantly different between observers, and 15 further intermediate points. These 
points (1, 31, 49, 54 and 58 and 8, 24, 29, 30, 32, 47, 48, 50, 53, 55, 56, 57 and 59 
respectively) do not seem to be confined to anyone area, but rather are around the 
whole of the mandibular outline. 
4.3.4 Adjusting for Point 18 
The same adjustment procedure was repeated using what can be considered as a 'fixed' 
landmark point, point 18 (the tip of the central incisor), instead of fixing on the 
centroid. This point was chosen since it was believed to be one of the more easily 
identified, and 'fixed' landmark points. As before, results are summarised in Tables 
4.6 (a) and (b) and 4.7 (a) and (b) for landmark and intermediate points and intra- and 
inter-rater studies respectively. 
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Point N MeR" Standard SE MeRn T-St.tI, tlc I"·ynlue 9~% C.I. I.C' .t' 
Difference Devlotlon 
I 15 0.300 1.1 06 0.286 1 05 03 1 (-0313. 0913) 0964 
3 15 -0.493 2.335 0.603 -0. l!2 043 (· 1 7l<6, O KO I) OK29 
13 15 0.379 1.386 0.358 1 06 03 1 (·03IJ9,1. 146) o l!29 
18' 15 - 1.992 1.321 0.342 ·HO 00000 (·2.724,· 1 259) (lO 17 
23 15 1.067 1.435 0.371 2.88 0012 (0271, I ~62) (} ~6 1 
27' 15 1.942 1.641 0.424 458 00004 (1 033, 2 K~I) 0649 
31 15 o.on 1.001 0.258 0.12 0.90 (.0.521,05K6) 09 13 
35 15 0.275 0.996 0257 1.07 0.30 (·0276,0 l!27) 0925 
39 15 1.824 2.592 0.669 2.72 0.0 16 (0 3NN, 3 260) (l76() 
43 15 1.283 2.790 0.720 1.78 0097 (.0263, 2 l!28) (l K5~ 
45 15 0.905 2.0OS 0.519 1.75 0 10 (-0207,2017) 0.924 
49 15 0.558 1.489 0.384 I 45 0 17 (-0.266, 1J~3) 095~ 
5 1 15 -0.203 1.73 1 0,447 -0.45 066 (- I 162,0.756) 0940 
54 15 0.761 1.922 0.496 1.53 0 15 (·0 303 , I l!26) tl9~7 
58 15 0.507 1.822 0.470 1.08 030 (-0.W2, I. 16) 0.956 
62 15 1.1 77 2.180 0.563 209 0055 (·003 1, 2 38~ 0940 
67 15 1.434 1.844 0,476 301 00093 (0 41 2,246) ()904 
72 15 0.M15 1.681 0.434 188 0082 (·0.11 6, I 746) (l9'4 
76 15 0.788 1.737 0,448 1.76 0 10 (-0 174, I 750) 0925 
Table 4.6a lntra-rater agreement. Landmark points only. Adjusted fo,· point 18. 
Point N Mean Shndnrd SF; Me.n T-Sto t l.tlc P-v ll luc 9~% C.I. I.C.(, 
Dlrrcrcnr8 Oovl"tlon 
2 15 ·0.083 1.604 0.414 -0.20 o K4 (·0.972. 0 K(5) (l920 
4 15 ·0.439 2.405 0.62 1 -0.71 049 (- I 771,0IJ93) (l KIO 
5 15 -0.362 2.575 0.665 -0.54 OW (- I 71J9, I 064) 0 765 
6 15 -0.063 3.0 13 0.778 ·0 OS 094 (· 1731 , I 606) ()61«) 
7 15 o 157 3.257 0.841 0 19 085 (-1 647, I 962) 0630 
!l 15 0.425 3.109 0.803 Os) 060 (-1 297, 2 147) 060 
9 15 0.540 2.866 0.740 0 73 04K (-1 048,2 121<) 05 
10 15 0.570 2.294 0592 096 0 3' (.0701, I 841) () ~ 7H 
11 15 0.307 207 1 0.535 058 () 57 (.0 K 9, I 4~4) (ln11 
12 15 0.266 1.527 0.394 067 o ~ I (·0 'l(), I Il l ) 07l«1 
14 15 0.360 I 11 6 0288 1 25 021 (-0 25K, 0971<) () 79. 
15 15 0.5 13 1 255 0324 UN 0 14 (-0 I K2, I 20K) o ~(19 
16 15 0.344 1.435 0.370 093 0 17 (-0 ,t SO, I 139) -(1 111 
17 15 -0.374 0.987 o 2~1 
- I 47 0 16 (-0 9J I. () 171) . () I X~ 
19' 15 · 1.467 I 476 o ~81 ·31(5 o OO IK (-2 2lW, . () MQ) ·n! 2 
20 15 -0.762 1.420 0367 -2.08 00'7 (- I 14K. (l021) t) I ' Z 
2 1 15 0.028 1 299 o 3~S 008 () 91 (.t) ~Q I , () 7,1t!) () 217 
22 15 0.649 1.403 0 362 1 79 009' (·0 IlK. I 427) t) 1l«1 
4 
ctd ... 
Point N Mean Stondard SEM •• n T_~t.tlstl, P-vflluc 9~% C. I. Lee 
Difference DevtAtlon 
24" 15 1.396 1 319 034 1 4 10 000 11 (0 66~, 2 127) 0.663 
25" 15 1.584 1.364 0.352 4.50 00005 (0 t!29, 2 340) 0664 
26" 15 1.796 1.524 0.393 06 00004 (0 9S2, 2 640) 0640 
28" 15 1.656 1.295 0.334 4.95 00002 (0 9~8, 2 374) 07 '3 
29" 15 1.085 0.73 1 0.189 5.75 00001 (0680, 1 489) 0914 
30 15 0.332 0.726 0.187 1.77 0098 (·0 070, 0 734) 0926 
32 15 0.176 1.0S5 0.272 065 013 (·(1401( 0 761) 0.901< 
33 15 0.303 0.939 0.242 1 25 023 (.02 17.0 t!23) 0930 
34 15 0.330 0.941 0243 1.36 020 (·0 192, 0 X(1) o 9J2 
36 15 0.544 1.136 0.293 1 86 0085 (.0085, 1 174) 09 12 
37 15 0.747 1.341 0.346 2.16 0.049 (0 OO\, 1 490) 0900 
38 15 1.1 76 1.657 0.428 275 00 16 (0 2\9, 2 (94) o R71 
40 15 1.918 2.495 0.644 298 00 10 (0 536, 3 300) o R11 
4 1 15 1.671 2,33 1 0602 2 .78 0011 (031(0, 2 962) OXI6 
42 15 1.521 2,388 0.6 17 2.47 0027 (0 198, 2 844) o N71 
44 15 1.137 1.920 0.496 2.29 003N (007\ 2201) 0 .925 
46 15 0.795 2.009 0.519 1 3 0 15 (·031N, I 90t!) 0921 
47 15 0.634 1 622 0.419 1S 1 O i l (·0264, 1 \33) (J94N 
48 15 0.556 1.523 0.393 1.41 0 1N (.(J 21<1(, 1399) o ~12 
50 15 0.11 9 1.521 0.393 0.30 077 (·0724,0961) 091 1 
52 15 00 18 1 433 0.370 005 096 (·0776,0 N12) 097 1 
53 15 0.530 1.761 0.455 1.1 7 026 (·0 446, 1 105) 0960 
55 15 0.771 1.871 0.48:1 1 60 0 13 (.02M, 1 !«)N) 091X 
56 15 0.63 1 1.t!27 0.472 I :M 020 (.03xl, 1 642) 0919 
57 15 0.549 1 773 0458 1 20 021 (.0434, 1 13 1) o 96() 
59 15 0.594 1.901 0.491 1 2 1 02\ (·0 4W, 1 646) 0914 
60 15 0797 2 .094 0.54 1 1 47 0 16 (.() 363, 1 917) (J 941 
6 1 15 1.079 2.139 0 .552 1 95 007 1 (.0 101, 2264) (J 941 
63 15 1.657 1.853 0.479 346 00038 (0630, 2 6X4) () 940 
64 " 1\ 2 122 1.955 o ~Ol 420 00009 (1 0'9, nOS) 0911 
65 15 1.886 2.102 0543 347 00037 (0 72 1, 'O~) 0N87 
66 15 1.800 1 942 0502 3 19 00030 (0 724, 2 x76) 0896 
68 15 1.049 1822 0470 22' 0043 (0 040, 2 O~M) (J9 11 
69 11 o R02 1664 0430 1 87 0010 (·0 120, 1 72') 0')'4 
70 15 0.700 1 657 0428 1 63 0 12 (.02 11<, 1 611<) 11 911 
71 15 0.757 1.744 0410 1 68 0 11 (·0209, 1 721) (1')1 1 
73 15 0.810 1633 0422 1.92 0071 (.(H1'1.1, I 7 1 ~) () 9~ 1 
74 15 0916 1670 0431 2 12 0012 (,OllO9, 1 X41) (l Q42 
75 15 0848 1.723 0441 1 91 0077 ( .(l Ion, 1 N(11) (I9T~ 
77 15 0.599 1422 0367 1 63 0 12 (.0 11<1(, IJN7) (1919 
Table 4,Gb Intra-rater agreement. lntennediate Points. Ad.iusted for IInint 18. 
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Point N Menn Standard SE Men n T-Statl,tlc I".value 9!'i-/. C.I. 1.(,.(' 
Difference Devia tion 
I 20 -0.1499 0.3049 0.0682 -220 0041 (-0293. -0 0(7) om 
3" 20 -1.3732 13749 03074 -'147 00003 (-20 17 .. 0 710) 09l<O 
13 20 -2. 1844 3.2 18 1 0.7 196 -104 00068 (-3 69t . -0 678) 0123 
18" 20 -2. 1449 1.3307 0.2976 -7.21 00000 (-2 7611, - I ~22) · 0 21 ~ 
23 20 -0. 1567 2.2050 0493 1 -0 J2 075 (- I 189,0876) 05 19 
27" 20 3.8 189 2.3083 05 162 7.40 0.0000 (2 731:<.4 H99) OHK6 
31 20 -3.8873 2.0467 0.4576 -K 49 00000 (-4 K45, -2929) o H33 
35" 20 0.3262 0.6005 0.1343 2.43 0.025 (0 04~, 06(7) 091<5 
39 20 1.6906 2.2298 0.4986 3.39 0.003 1 (0647, 2 734) 0905 
43 20 0.8040 3.9736 0.8885 0.90 0.38 (-1056,2664) o ~ 1 4 
45 20 0.3536 2.9695 0.6640 0$3 060 (- I 036, 1 744) (l M92 
49" 20 3.1383 1.9898 0.4449 7.05 0.0000 (2207, 4 070) 0943 
5 1" 20 2.2674 2.4998 05590 4 06 00007 ( 1 097, 1431<.) OX97 
54" 20 3.4451 2.8150 06295 ~.47 0.0000 (2 127, 4 763) OK93 
58" 20 3. I50M 3.2000 0.7 155 440 00003 ( I 653, 4 649) OM5X 
62 20 1.6 178 3.2856 07347 220 0040 (OOMO, 3 156) OMW 
67 20 1.8533 3.0096 0.6730 2.75 0.0 13 (0444, 3262) o M55 
72 20 0.7792 3.0042 067 18 I 16 026 (-0 627,1 IH6) OH43 
76 20 1.5412 2.5666 05739 2.69 0015 (0 340,2 .743) ON77 
Table 4.7a Inter-rate.· agreement. Landmark Jloints only. Adjusted for Jloint t 8. 
Point N Mean Standard SEM •• n T-Statlstlc ".Yll lue 9~% C,I. I.c.e 
Dlrrerence Oevllltlon 
2" 20 -0.84 12 0.760 1 0.1700 -4.95 00001 (- I 197 )-0.41<.5 0922 
4" 20 -1.3992 1.3346 02984 -469 00002 (-2024, -0 774) o 9MI 
5" 20 -1.5789 1.4159 03 166 -499 00001 (-2242, -09 10) 0977 
6" 20 - 1 6203 1.4775 0.3304 -490 0000 1 (·2.3 12, -0 929) 0974 
7 " 20 -1.5 185 1.'1 509 03244 · 468 00002 (-2 198, -() NW) 0971 
8" 20 - 1.41 50 12N6 1 02876 -492 00001 (·20 17, -0 H(1) 0970 
9 20 1.2493 I N493 0 4135 -302 00070 (-2 II ~ . . () 1N4) 09 10 
10 20 -1.5259 2.3 140 0.5 174 -2. 9~ (lOOM2 (-2609, -( 443) OM" 
11 20 -1.662.5 2.7 185 06079 -2.73 0013 (-2.911, ·0 11)0) 0 762 
12 20 -1.9139 2.9649 06630 -289 00094 (-1102, () 1. 6) 1l63H 
14 20 - 1.8051 2.5375 0.5674 -3. IN 00049 (-299.1, ·06 17) 0347 
15 20 -0.93N6 1.8077 04042 -232 o O~ I ( - 1 . 71<.~, -Il U\I2) o lXI 
16" 20 - 1.0056 1 2874 02879 -3.49 00024 (- I 6OH, -040J) (121't 
17" 20 - 13771 0.94 12 02105 -6 ~4 OOOO!! (- I MIX. -0916) -(IOW 
19" 20 - 15008 15453 03451 ·43'1 00003 (-2224, .( 777) () 077 
20 20 -07266 1 6355 0.3657 - 1 99 0062 (- I 1192, (\ 019) -O IW 
21 20 -0.4382 1.5374 03438 - 1 27 022 ( - II ~X. 02X I ) · (lOW 
22 20 -029 10 1.7368 0.3H84 -0 75 046 ( . 1 104. () ~22) 11 297 
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ctd ... 
Point N Meon Stondard SE Me.n T~~t.tI,tlc P.vAluD 9~% C.I. l.e:C 
Difference Devlotlon 
24 20 0.9457 1.702 1 0.3806 2.4M 0021 (0 149. I 742) 0769 
25" 20 2.0293 1.5859 0 3546 572 00000 ( I 2)(7.2772) o K14 
26" 20 3.0363 1.8452 0.4126 736 00000 (2 113, 3 9(0) o K6l! 
28" 20 2.2012 2.0087 04492 490 0000 1 ( 1261,3 142) 0909 
29 20 ·0. 1021 1.8278 0,4087 ·025 081 (·0.958, 0 7~4) 0901 
30" 20 ·2. 1130 1.8283 0.4088 ·5 17 0000 1 ( ·2969.· 1 2~7) o K6~ 
32" 20 ·2.9666 1.6193 0362 1 ·8 19 0.0000 (·3 725, ·2 2(9) o ~91 
33- 20 ·1.7849 1.0987 0.2457 ·727 00000 (·2299,. 1 27 1) o 94N 
34 20 ·0.4856 0.6872 0.1537 ·3.16 0.0052 (.0 807.·0 164) 09~ 
36- 20 0.6964 0.8758 0 1958 3 56 0002 1 (0286, I 106) tl972 
37" 20 1.03 11 1.2243 0.2738 377 00013 (0451\ I 604) 0955 
38 20 1 2429 1.6'165 0.3682 338 00032 (0 472, 20 14) 0913 
40" 20 1.8205 2.0057 0.4485 4 06 00007 (0 M82, 2 759) 0930 
4 1 20 1.5760 2.1575 0.4824 J 27 0004 1 (0 566. 2 ~86) O'l2M 
42 20 1.1 635 2.9030 06491 1.19 00M9 (·0 195.2523) 0886 
44 20 0.5261 3.1361 07012 075 046 (.0 942. I 994) 0878 
46 20 1.3302 2.7956 0.6251 2 13 0047 (002 1,2639) o N96 
47" 20 2.0277 24077 0.5384 377 OooD (090 1 . 3 1 ~S) 09 19 
48" 20 2.7447 2.0880 0.4669 588 00000 ( I 767. 3 722) 0940 
50" 20 2.5185 1 6678 0.3729 675 00000 ( I 731\ 3 299) o 9~1 
52" 20 27075 2,4954 05580 4 N5 0000 1 (I ~39, 3 876) 0902 
53" 20 3.0460 25527 0.5708 1.34 00000 (I KS I, 4 24 1) 0901 
55" 20 3.6075 2 .9024 06490 \56 00000 (2 249, ,I 9(6) 08KI 
56" 20 3.5840 2.9367 06567 \ 46 00000 (2 209, 4 959) OKK4 
57- 20 3.3069 3.09l!5 0.6928 4 77 o Q(x) 1 (1 816.47S7) tl 871 
59" 20 27653 3.2683 01308 378 o Q(lIJ ( l 2.l\. 4 29~) o NIl 
60 20 2.0052 3.3858 0.757 1 261 00 16 (0420. 3 ~90) o K41 
61 20 1.6899 3.3504 07492 226 0036 (0 122, 1 218) o K42 
63 20 1 7613 2.9975 06703 263 00 17 (0 lW, 3166) o KN5 
64 20 1.9171 3.0780 06883 279 00 12 (0 476, 3 . ~8) OK77 
65 20 1 8169 3.03 12 06778 26N o 0 1 ~ (0 9R, 3 236) o K73 
66 20 1.7656 3 0466 0681 2 2 ~9 OO IN (0 lW, 3 192) 086S 
68 20 1.0590 2.5785 0.1766 1 84 0082 (·(l 14K, 2 266) (lKKK 
69 20 070\6 2,3246 05 198 I 3S 0 19 (·O l K7 , I 790) OIBI 
70 20 0.3 126 26377 0 .. 1898 o ~3 060 (·0922. I 1,17) OX' 6 
7 1 20 03354 2 R8 14 06443 012 06 1 (. 1 011, I 6K,I) o K~4 
73 20 I 1270 29824 06669 1 69 01 1 1·\1 269. 2 Ill) IIX IU 
74 20 I 1871 28368 06343 I 87 0077 (.(1 141. 2 SI S) (I NI2 
75 20 1 2953 2.7546 06 160 2 10 (1049 (0006. 2 SKI) tlKI9 
77 20 Ol!446 1J361 02988 281 00 11 (02 19. 1470) (lI)M 
Table 4,7b Inter-rater agreement. Intermediate points, Ad.iusted for Iloint IN. 
7 
Again we see a similar pattern emerging. It would seem that there is evidence of little 
disagreement between tracings taken by the same observer, where only 2 of the 
anatomical landmarks were significantly different between tracings, with a further 7 if 
intermediate points were considered also. Further, this disagreement seems to be 
confined to one difficult area on the mandibular outline, the anterior incisal region 
(with significant differences for landmark points 18 and 27 and associated 
intermediate points 19, 24, 25, 26, 28, 29 and exception 64 which is of course within a 
difficult region itself). There is again evidence of much more disagreement between 
observers, with significant' differences for 7 anatomical landmarks and a further 27 
intermediate points, around the whole mandibular outline (points 3, 8, 18,27, 31, 49, 51, 
54,58 and points 2,4,5,6, 7, 8, 16, 17, 19,25,26,28,30,32,33,36,37,40,47,48, 50, 
52, 53, 55, 56, 57 and 59 respectively). 
4.3.5 Summary 
Number of points which 
are significantly different Intra-rater Inler--raler 
(1'1 Tracing - 2nd Tracing) 
Anatomical Includine Anatomical Includllll 
landmarks only intemledlate points landmarks only illtt'mledlllte polllts 
Ulllldjusted 1 S 9 34 
Centroid Adjusted 0 1 S 20 
Point 18 Adjusted 2 9 7 34 
Table 4.8 Summary table of intra- and inter-rater studies. 
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It would seem reasonable to conclude from the above summary table that tracings 
taken by the same person on the two occasions are in close, overall 'agreement'. The 
same cannot be said however about those films traced by two different people, where 
there were many more significant differences between both anatomical landmark 
points and intermediate points. This reflects our initial impression from the plots of 
observed points between the 1 st and 2nd tracings or tracings between observer 1 and 
observer 2. Furthermore, the significant differences between the 1 st and 2nd tracings for 
those tracings done by the same person, were concentrated in a few main areas, mainly 
areas of high curvature, including the condylar and anterior incisal areas, as we first 
suspected. In contrast, differences between observers seemed to occur in all regions of 
the mandibular outline. 
Our overall results suggest that observations on particular points where a significant 
difference was found for the same observer should not cause too much concern, but 
should however be interpreted with caution. Overall, tracings between different 
observers should not be combined. 
4.4 Description of the whole data sample between 9 and 15 Years 
From the error studies we concluded that it would not be possible to combine the two 
samples of patients (inter-rater study). The reproducibility of films done by the same 
person however was satisfactory (intra-rater) and our attention is now drawn back to 
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the original sample of the 23 patients collected by one observer for further 
investigation. 
In order to get a feel for any changes as regards bone growth, which might be taking 
place between the ages of 9 to 15 years, a few simple descriptive plots were produced 
of the sample of 23 subjects, as well as for the 15 males and 8 females separately. 
Each age group, for the whole data sample and for male and female data samples was 
considered in turn. There were 12, 9, 10 and 14 males and 6,4, 7 and 7 females aged 
9, 11, 13 and 15 respectively in this data sample. Average predicted outlines were 
calculated and drawn for each age group, for both sexes. Average size-standardised 
predicted outlines were also considered in order to investigate shape changes only. 
Linear distances from the centroid of these mean predicted outlines to each of the 78 
points on the mandibular outlines were also calculated and plotted for each age (as 
well as the individual x- and y- component distances). 
Superimposition of these mean predicted forms and distances from the centroid, for 
each of the four ages illustrated where there might be differences between the ages. 
4.4.1 Changes in Size and Shape between 9 and 15 years 
In order to investigate overall size and shape changes in the whole data sample, the 
predicted data points from the EFF were plotted, averaged for each age group, to 
produce a mean predicted mandibular outline for each of the ages 9, 11, 13 and 15. 
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These outlines were superimposed on the centroid in order to pinpoint any overall 
'growth' changes between ages 9 to 15. The (x,y) centroid value is subtracted from each of 
the (x,y) co-ordinate pairs for each of the points which characterise the mandibular outline, 
so these outlines are all centred at the point (0,0) in this co-ordinate system Linear 
distances from the centroid of these mean predicted outlines to each of the 78 points on 
the mandibular outlines were also calculated and plotted for each age in an attempt to 
monitor any overall growth changes of the mandible. Resulting plots are shown in 
Figures 4.9 (a) and (b). 
Figure 4.9a 
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For all 23 patients then, an overall pattern of growth of the mandibular outline is 
observed. This 'overall' difference in the size and shape of the bone does seem to be 
small over the range of ages but is nevertheless more pronounced in the both the 
anterior and posterior regions of the bone as well as around the condyle, mandibular 
notch and coronoid process. There appears to be a slight forwards, as well as 
backwards shift of the whole bone over the range of ages, contributing to an overall 
lengthening of the bone from age 9 through to 15. The bone also seems to be 
increasing in height, with a slight downwards shift evident in the lower border of the 
mandible, and an increase in condylar height, as well as a shallowing of the 
mandibular notch area and an increase in the height of the coronoid process. Overall, 
the main growth changes are evident on the lower incisal region (points 13-23), the 
anterior and posterior borders (points 23-35 and points 49-54 respectively) and the 
whole 'top' area of the bone which includes the condyle, the mandibular notch and the 
coronoid process (points 54 through to 78). These patterns can also be clearly seen 
from the distance from the centroid plot where the distances are larger for age 15 
compared to 13 compared to 11 compared to age 9 in these areas of apparent 'growth'. 
The x- and y- component distances from the centroid can also be plotted but they do 
not say anything more about the pattern of growth and so are not included here. 
With the exception of the latter part of the coronoid process (points 72-78) and the 
anterior border of the ramus (points 1-7), the pattern of overall growth might be 
compared to throwing a stone in a pool where the centroid represents where the stone 
lands and the ages 9, 11, 13 and 15 represent a ripple effect where the bone IS 
'growing' in length, width and height from age 9 through to age 15. 
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Differences between males and females cannot be discerned from these plots however. 
In order to make comparisons within the sexes, separate mean plots of predicted points 
and also of the distances from the centroid were produced, shown in Figures 4.10 and 
4.11 (a) and (b) for males and females respectively. 
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Figure 4.11a 
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Similar trends are observed for both males and females separately, as with the group as 
a whole, with a similar looking overall change in size and shape, that being an overall 
increase in length, width and height of the bone from age 9 through to age 15. 
The female growth spurt (ages 11-13, approximately) is very clearly illu trated around 
some of the areas which show evidence of ' growth'. This growth spurt is particularly 
evident in the anterior region of the mandible (points 23 through to approximately 35) 
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and in the angle of the mandible, the posterior border of the ramus, as well as the 
condyle, where the mean predicted outlines for ages 9 and 11 are very close and 
separate from the outlines for ages 13 and 15, which are also very close. This can also 
be observed from the distances from the centroid plot for the 8 females in the data 
sample. It could be said that this growth spurt probably does not extend beyond the 
age of 13, on average, since there is very little change between the outlines for the 
ages of 13 and 15. 
The male growth spurt (ages 13-15, approximately) is not as obvious from the plots 
however. The bone seems to change more gradually with age, much like the pattern 
depicted for both males and females in the data sample. There appears to be yet again 
an overall pattern of growth around the whole of the bone from age 9 through to age 
15, with an increase in overall length, height and width of the bone. The changes do 
not seem so clear cut over the range of ages as we see in the combined sample and in 
the females alone however. The predicted outlines for ages 11 and 13 for example, 
seem to 'cross over' one another in some areas of the mandibular outlines where it 
would appear that age 11 is 'bigger' than age 13, on average, in these areas. In the 
anterior region, points 23 to 31 for example. These somewhat inconsistent changes are 
however extremely small and are not apparent around the whole outline so should not 
cause too much concern. They are perhaps due to the fact that there are more males in 
the sample and perhaps there exists more variation within the ages, on average. In fact, 
these somewhat inconsistent changes are not even evident on the distance from 
centroid plot since the difference between ages 11 and 13 in the areas concerned is so 
small. 
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4.4.2 Changes in Shape between 9 and 15 years 
In order to observe any shape changes that maybe occurring during the growth of the 
mandible, the size component of 'form' must be minimised. This size-standardisation 
is achieved by scaling every form to be the same area as explained in Chapter 2. 
Having standardised for size then, leaving any patterns of change observed being those 
of shape only we can again obtain plots of the (size-standardised) predicted points for 
each individual subject in our sample. Means for each age can then be calculated and 
size-standardised mean plots for both males and females together and also for the 
sexes separately produced. Similarly, plots of the linear distances from the centroid to 
the size-standardised mean predicted outlines can also be produced. 
Once again these size-standardised predicted outlines were superimposed (centred at 
(0,0» in order to pinpoint any shape changes which might be occurring between ages 
9 to 15. The distance from the centroid plots were also superimposed for each age in 
an attempt to capture shape change and / or corroborate the shape changes seen in the 
predicted outlines. 
These descriptive plots for both males and females together i.e. all 23 subjects, are 
shown in Figures 4.12 (a) and (b). 
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It can be seen then, that the overall changes become harder to discern when dealing 
with shape alone. For the 23 subjects, 18 aged 9, 13 aged 11 , 17 aged 13 and 21 aged 
15 it is observed that the main shape changes seem to be occurring in the anterior 
border of the ramus (points 1-7), the alveolus and the lower inci or (point 7-13 and 
points 13-23 respectively). There also appears to be a slight shape change in the area of 
the coronoid process (points 72-78). There appears to be a slight increa e in concavity 
between points 1 and 7, the anterior border of the ramu and a light 
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decrease in concavity in the alveolus (points 7-13) over the range of ages, from age 9 
through to age 15. The lower incisor becomes more upright over time (points 13-23) 
and the mandibular notch seems to become more shallow (points 62-67). The coronoid 
process (points 72-78) also appears to move posteriorly, undoubtedly tied in with the 
increase in concavity in points 1 to 7. These shape changes are all very small. 
The distances from the centroid show this pattern of shape change fairly clearly. These 
distances are shorter for age 15, then 13, then 11 and 9 between points 13 to 35 
approximately, which suggests a posterior shift of the frontal incisor over time, 
evident from the plot of the predicted outline of the mandible. Also, it can be seen that 
the linear distances from the centroid from point 67 through to point 75 
(approximately) are shorter for age 9 than age 15 capturing the posterior shift in the 
coronoid process seen in the predicted outline plot. 
Redoing this same analysis for the 15 males only (Figures 4.13 (a) and (b)), it can be 
seen that shape changes are again occurring in the same regions as those for the 
combined male and female group i.e. the anterior border of the ramus (points 1-7), the 
alveolus and the lower incisor (points 7-13 and points 13-23 respectively) regions of 
the bone and in the area of the coronoid process (points 72-78). 
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Figure 4.13a 
Mean Predicted Points. Males Only. 
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Figure 4.13b Distances from the centroid. Size standardi ed. 15 Males. Age 9, 11, 13 and 15. 
The changes for the group of males however, are not as clear-cut a those observed for 
the group as a whole, in some regions of the bone. This would appear to be due to th 
outline for age 11. For example, the frontal incisor has indeed moved po tcriorIy fTom 
age 9 to age 15, but it is not so clear what changes are taking place at age 11 and 13. 
The outline for age 11 is rather inconsistent. It appears that the frontal inci or for age 
11 has moved further back than age 13, which would suggest that any change in hap 
is going back, then forward, then back again. It could be that one (or more) of the 
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tracings at this age is an extreme or odd case and in turn will have an influential effect 
on the overall mean. The expected jump (from age 13 to age 15) at the time of the male 
growth spurt is observed for shape change only. 
Finally, similar plots for the group offemales are given in Figures 4.14 (a) and (b). 
Figure 4.14a 
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Figure 4.14b Distances from the centroid. Size standardised. 8 Females. Age 9, 11 , 13 and 15. 
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From the mean predicted outlines produced for the 8 females in our sample it can be 
seen once again that the main shape changes are occurring in the same regions of the 
bone as for the combined sample, as well as just the males. A clear posterior shift of 
the frontal incisor and a slight increase in concavity between points 1 and 7, the 
anterior border of the ramus as well as a slight decrease in concavity in the alveolus 
(points 7-13) between the ages of 9 and 15 years are observed. Further, the expected 
jump in change between the ages of 11 and 13, the growth spurt for females, is fairly 
clear from the plot of the predicted outlines in these regions of subtle shape change. 
The plot of linear distances from the centroid corroborate these observations, again 
depicting very small changes over the range of ages in certain areas. 
Overall then, we can say that the mandible is obviously 'growing' i.e. changing in size 
and shape, between 9 and 15 years old where males and females tend to be displaying 
similar patterns of overall growth, although the female growth spurt is more noticeable 
than the male growth spurt. The bones tend to be, on average, increasing in overall 
length, height and width over the range of ages. 
It should also be stressed once more, that it is important that forms are standardised for 
the size component so that shape changes can be isolated and observed. 
Concentrating on shape change only then, it was observed that these changes were in 
the main, occurring in the anterior border of the ramus, the alveolus and the lower 
incisor. There also appeared to be a slight shape change in the area of the coronoid 
process. A slight increase in concavity in the anterior border of the ramus was 
observed and a slight decrease in concavity in the alveolus, over the range of ages. The 
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lower incisor moved posteriorly and became more upright over time. Further, the 
mandibular notch seemed to shallow and the coronoid process also moved in a 
posterior direction, undoubtedly tied in with the increase in concavity in the anterior 
border of the ramus. These shape changes were all very small and broadly similar 
patterns were found in males and females. 
Plots of the linear distances from the centroid to each point on the mean predicted 
outlines for each age corroborate observations regarding size and shape change (and 
shape change only) from the mean predicted points plots, for each age. Plots of the x-
and y- component distances did not add anything to any observations made and are 
therefore not illustrated. 
4.5 Comparison of Males and Females 
Although the main analyses above concentrated on males and females separately, it is 
of interest to investigate whether or not the 15 males and 8 females in the data sample 
are in fact different in terms of size and shape or indeed in terms of shape only, at 
different ages. 
To this end, each age group was considered in turn. For age 9, we have 12 males and 6 
females; for age 11, 9 males and 4 females; age 13, 10 males and 7 females and age 
15, 14 males and 7 females. Average predicted outlines and average size-standardised 
predicted outlines were calculated and drawn for both sexes at each of the 4 ages. To 
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illustrate, superimposition of the mean size-standardised predicted forms (on the 
centroid, as before) are given in Figures 4.15 (a) to (d) in an attempt to pinpoint any 
difference in shape between males and females. 
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Figure 4.ISc 
Figure 4.ISd 
Mean Predicted Points. Age 13. 
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In terms of any differences in the shape of the mandible at different age , it would seem 
that males and females are actually very close to one another. There is ome evidenc of 
very slight differences in some areas of the mandibular outline however. uch 
differences between the mean predicted outlines for male and female eem to be 
confined to the posterior border of the ramus and the condyle for age 9; mainly in the 
anterior border of the mandible and perhaps in the condylar, mandibular notch, 
coronoid process and anterior border of the ramus regions for age 11 ; and confined to 
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the mandibular notch and anterior border of the ramus for age 15. Overall, there 
appears to be more of a difference (even though the outlines still remain close) in the 
mean predicted outlines between males and females for age 13 however. The mean 
predicted outlines at this age are slightly different around most of the mandibular 
outline, and do not appear to be confined to certain areas as for the other ages. 
Rotelling's T -Squared test was utilised to formally check the null hypothesis that the 
mean shapes for males and females were the same in term of their shape, for each age, 
9, 11, 13 and 15. Each of the (x,y) co-ordinate points for the 78 predicted points which 
characterise the mandibular outlines were tested in this analysis. Results are 
summarised for landmark points only, for each age group, in Table 4.9. For each age 
then, a null hypothesis of 'no difference in mean shape' between males and females is 
tested, at each of the 78 predicted points, as (x,y) co-ordinates. The first column in the 
table, for each age, is simply part of the test statistic of the test, the second column is 
the observed value of the test statistic, and the third, its corresponding p-value. 
It can be seen from the table of results that there is no significant difference between 
the males and females for ages 9, 11 and 15 for any of the anatomical landmark points 
(in fact, this was the case for all 78 points). This corroborates the subjective 
impression from the superimposed size-standardised mean predicted outlines for males 
and females, at these ages. For age 13 however, there were 14 points which showed 
evidence of a significant difference in mean shape between the male and female 
outlines (3 of which were anatomical landmark points as seen in the table). This could 
be due to an unusual film in this age group, or perhaps that there is in fact more 
155 
variability between males and females at this age since it is generally the time that the 
female growth spurt is ending and the male growth spurt starting. 
There IS again a case to be made for testing each age using a Bonferroni correction 
which reduces the conventional significance level of 0.05 to 0.05119 = 0.0028 for an 
approximate overall 5% significance level, as we did when testing the linear distances 
from the centroid in the error studies . In addition, there is of course a power issue in 
dealing with very small male and female samples here, which makes differences 
between the samples difficult to detect. 
Point Age 9 TS p Age 11 TS P Age 13 TS I' AR. I~ TS P 
I 0.069 2.05 0.16 0.061 0.84 0.46 0.047 1.36 0.29 0.022 0.94 0..11 
3 0.096 288 0.09 0.018 0.25 0.78 0.227 6.55 0.01 0.0 19 0.79 0.47 
13 0.028 0.84 045 0.099 1.36 0.30 0.091 2.63 0. 11 0.034 1.44 0.26 
18 0.019 0.58 0.57 0.022 0.31 0.74 0.164 4.73 0.03 0.047 1.96 017 
23 0.033 099 0.39 0043 0.60 0.57 0.095 2.74 0 10 0024 1 01 0.38 
27 0.032 0.94 0.41 0041 056 0.59 0.073 2.10 0.16 0024 1.0 1 0.39 
31 0.04 1 1.23 0.32 0.238 3.30 0.08 0062 179 0.20 0.063 264 0 10 
35 0.053 159 0.24 0.144 2.00 0.19 0.039 1.1 1 0.36 0063 2.67 010 
39 0.025 0.74 0.49 0.040 0.56 0.59 0.029 0.84 0.45 0.0 15 0.63 0.54 
43 0.0 16 048 0.63 0.066 0.91 0.43 0.045 1.29 0.31 0032 I 34 029 
45 0.018 0.53 0.60 0057 0.79 0.48 0.063 1.83 0.20 0.014 0.59 05 6 
49 0.027 0.81 0.46 0.157 2.18 0.16 0.097 2.81 0.09 0.009 0.36 0.70 
51 0.032 0.95 041 0.042 0.59 057 0076 2.20 0.15 00 14 061 0. 5~ 
54 0.041 1.21 0.32 0.009 0.12 0.89 0.124 3.57 005 0023 097 040 
58 0.037 I11 0.35 0008 0.1 I 0.90 0.114 3.29 0.07 0030 127 030 
62 0.041 1.23 0.32 0.0 11 0. 15 0.87 0.103 2.96 0.08 0029 1.2,1 OJI 
67 0.046 1.39 028 0028 0.39 0.69 0.056 1.62 0.23 0.0 16 o 6N 0.52 
72 0.094 283 0.09 0046 0.63 0.55 0.074 2 14 0 11 0000 001 099 
76 0.088 2.64 0.10 0.038 0.53 0.60 0.061 1.74 02 1 0.000 00 1 099 
Table 4.9 Hotelling's T2 Test for 9, 11, 13 and 15 year olds. 
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In a similar manner, concentrating on differences between males and females in terms 
of overall size and shape changes it was observed that there were indeed differences, 
again in the main confmed to particular regions of the bone, for all ages. These 
differences were again found to be very small and were not statistically significant. 
In summary then, we can say that whilst there appears to be subjective evidence of 
some difference on average, between males and females at each age, in terms of both 
overall size and shape, and in terms of the shape of the bone alone, these differences 
are not statistically significant. Further, they should be interpreted with caution due to 
the very small sample sizes available at each age. 
4.6 Conclusion 
In this chapter, using elliptical Fourier function methodology as outlined in Chapter 2, 
on a longitudinal set of human x-ray data, we have 
1. investigated its usefulness in describing the size and shape of a growing form, 
specific to the study of mandibular form 
2. attempted to quantify and localize areas of size and shape changes in the mandible 
during growth between 9 and 15 years 
and 
3. identified differences in the size and shape of the mandible between males and females. 
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We have demonstrated in this Chapter that the EFF method is indeed a useful 
descriptive tool for observing size and shape changes of growing morphological 
forms, such as the mandible. The predicted outline, computed by the EFF has been 
seen to be a very close representation of the observed data. Descriptive plots of these 
predicted outlines have been produced, as well as plots of centroid-to-outline distances 
in an attempt to summarise which size and shape changes may be occurring over a 
range of ages in the sample. It has also been possible to isolate the shape component of 
the 'form' using the method of area standardisation and investigate only the shape 
changes that may be occurring over the same range of ages. 
However, nothing has been gained from the EFF method in terms of the harmonic 
information. Overall the set of hrumonics does not simplify the description of a 
complex form, like the mandible. Plots using the hrumonic information have been 
useful for descriptive purposes, but this information has not been used directly in the 
description of the size and shape of the form. Instead, the predicted outlines have been 
used for description. 
Overall, it was observed that the mandible was 'growing' i.e. changing in size and 
shape, between 9 and 15 years old where males and females tend, on average, to 
display similar patterns of overall growth. It was also observed that the female growth 
spurt was more noticeable than the male growth spurt in this sample of data. The 
bones tend, on average, to increase in overall length, height and width over the range 
of ages. 
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Concentrating on shape change only, it was observed that changes were apparent in a 
few areas around the mandibular outline. Shape changes were observed in the anterior 
border of the ramus, the alveolus and the lower incisor. There also appeared to be 
slight shape changes in the area of the coronoid process. A slight increase in concavity 
in the anterior border of the ramus was also observed and a slight decrease in 
concavity in the alveolus, over the range of ages. The lower incisor moved posteriorly 
and became more upright over time. Further, the mandibular notch became shallower 
and the coronoid process also moved in a posterior direction. The observed shape 
changes were all very small however and probably not statistically significant, 
although this was not tested formally due to the small sample sizes. Broadly similar 
patterns were again found in males and females in respect of shape change only. 
Comparison between average predicted outlines for males and females found no 
significant difference between the sexes as regards overall size and shape and shape 
only changes for ages 9, 11, 13 and 15. 
In addition, from the error study analyses carried out in this chapter we could conclude 
that the repeatability of tracings done by the same observer is satisfactory, but those 
tracings carried out by different observers were not in close enough 'agreement' to 
allow those two studies to be combined together. 
In the next chapter, the method of Procrustes analysis is utilised in an attempt to capture 
the size and shape information for this same sample of mandibular data. 
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Chapter 5 
Evaluation Of the Data Sample Using Procrustes Methods 
5.1 Introduction 
It has been established that the shape of any object is invariant under the Euclidean 
similarity transformations of translation, rotation and scaling. For example, the shape 
of the human mandible consists of all the geometrical properties of the bone that are 
unchanged when it is translated, rotated or re-scaled in an arbitrary co-ordinate 
system. Further, two such mandibles will have the same shape if they can be 
translated, rotated and re-scaled to each other so that they match each other exactly. In 
practice, we would be interested in comparing objects, in our case human mandibles 
over a range of ages for a sample of males and females, which may have different 
shapes. 
Introduced briefly in Chapter 1, the method ofProcrustes analysis is a landmark-based 
approach that can describe the shape of an object, or objects. When utilising the 
method of Procrustes analysis, objects that are characterised by a set of points 
(landmarks) are considered, as with the Elliptical Fourier Function method. These 
objects (the mandibular outlines) are referred to as 'configurations'. A similar method 
based on what are known as Bookstein shape variables is also considered as a useful 
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frrst step in describing the size and shape of a sample of 'configurations', such as the 
mandibular data. 
In this chapter both of these methods are utilised in an attempt to describe the size and 
/ or shape of our sample of mandibular data, for males and females, from age 9 to 15 
years. 
5.2 Procrustes Analysis 
The idea of Procrustes analysis is to work with the complete geometrical object (up to 
similarity transformations of translation, rotation and scale change) rather than 
working with derived quantities such as linear distances and ratios as in the 
conventional metrical approach described in Chapter 1. This follows much the same 
philosophy as D' Arcy Thompson 1942, as he also worked with complete geometrical 
pictures of organisms rather than derived quantities, albeit on a less quantitative 
footing than Procrustes analysis. 
According to Dryden and Mardia 1998, methods based on Procrustes superimposition 
are a major step forward in the field of shape analysis as providing a useful tool for 
analysing landmark data. Supposing a random sample of objects is available for 
analysis, they consider the most important aims of shape analysis on that sample to be 
1. to obtain a measure of distance between shapes in the sample of objects 
2. to estimate an 'average' shape from the sample of objects 
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and 
3. to estimate and explore the structure of shape variability in the sample of objects. 
The method of Procrustes analysis provides the tools required to pursue these aims 
successfully. We now consider each of them in turn. 
5.2.1 Distance between shapes and Procrustes matching 
Prior to Procrustes matching, objects are described in terms of the (x,y) co-ordinates 
of a set of anatomical landmarks. Anatomical landmarks (discussed in Chapter 1) are 
points assigned by an expert that correspond between objects (forms) in some 
biologically meaningful way. They designate parts of an object that correspond in 
terms of biological derivation and these parts are called homologous. In order to 
compare the shapes of two such objects (configurations of homologous points), a 
measure of distance between the two 'shapes' is required. Before analysis or 
comparison then, it is necessary to register and superimpose co-ordinates from 
different forms within the same reference frame in order to measure the distance 
between them. It should be noted that the particular patterns of between form 
variation, represented by particular principal components in the scope of this thesis, 
will be entirely dependent on the way in which the forms have been registered with 
respect to each other and therefore, the perceived displacement of any particular 
landmark from one shape to another depends upon this registration. Different 
registrations will produce different impressions of the shape transformations, and 
regions close to registration points (if registration is undertaken using such points) will 
appear to change less than those more distant to the points. 
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Under the method of Procrustes, a suitable procedure is to match one configuration of 
landmark points as closely as possible to the other using similarity transformations of 
location, rotation and scale change. In the context of this thesis, configurations are 
pre-scaled to unit centroid size in order to standardise for size. The remaining 
differences between the fitted and observed configurations indicate the magnitude of 
the difference in shape between the two configurations. The procedure of 'matching' 
the two configurations is known as the full Procrustes fit (superimposition) of one 
configuration onto the other, and this so-called superimposition is actually obtained by 
complex linear regression of one configuration onto the other. The full Procrustes 
distance between the complex configurations is calculated from a least squares 
criterion, optimising over the full set of similarity transformation parameters. In other 
words, Procrustes analysis registers forms by minimising the fit, e.g. the mean square 
distance between landmarks on each form. The term 'full' is used because the full set 
of Euclidean similarity transformations is estimated in the matching (translation, 
rotation and scale). In addition, the term 'Procrustes' is used because the matching 
operations are identical to those of Procrustes analysis which is a commonly used 
technique for comparing matrices (up to similarity transformations) in multivariate 
analysis. Therefore, differences between objects after Procrustes fitting can be 
expressed in terms of Procrustes distances and this so-called full Procrustes distance 
between the two matched configurations can be used to assess the closeness of shapes 
(obviously, the smaller the distance value, the closer the configurations are). It is also 
used to provide a criterion for estimating mean shape. Further, an overall measure of 
shape variability can also be obtained by considering the root mean square of the full 
Procrustes distance from each configuration in the sample to the full Procrustes 
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estimate of mean shape (the smaller the value, the closer that particular configuration 
is to the 'average' shape i.e. the smaller the variability). 
There are two types ofProcrustes analysis: 
1. Ordinary Procrustes Analysis - OP A 
Used for matching two configurations i.e. when a single object is fitted to one other. 
The two configurations are matched as closely as possible, up to similarity 
transformations (translation, rotation and scale). The method of full ordinary 
Procrustes analysis involves the least squares matching of the two configurations using 
similarity transformations, where the similarity parameters for location, rotation and 
scale have to be estimated. This is done by minimising a squared Euclidean distance 
between the two configurations which involves estimating these three similarity 
parameters. In fact, location can be removed initially by simply centring the two 
configurations (the centroids of the two configurations are matched at the origin). The 
resulting full Procrustes fit provides full Procrustes co-ordinates of one configuration 
onto the other, and a residual matrix is also obtained. Examination of this residual 
matrix can sometimes tell us something about the difference in shape between the two 
configurations e.g. if one residual is particularly large, or if large residuals are 
confined to a particular region of the object. 
2. Generalised Procrustes Analysis - GP A 
Used when several objects are fitted using Procrustes superimposition (Gower 1975). 
The use of GP A is similar to that of OP A but with more than two configurations. GP A 
can however be considered to match only two objects, an advantage of this being that 
the matching procedure of GP A is invariant under re-orderings of the objects, whereas 
OPA is not symmetrical in the ordering of the objects unless the two objects are 
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exactly the same size. GP A also provides a least squares approach to finding an 
estimate of the shape of a population mean, with an 'average' shape from a sample of 
more than two objects, as explained in the next section. 
5.2.2 Estimation of Mean Shape 
There are many situations in practical data analysis where it would be useful to 
provide an idea of the average shape of a sample of objects. For example, in the 
context of the data sample considered in this thesis, an estimate of the average shape 
of the mandible for a sample of 9 year old females might be useful as a diagnostic tool 
for an orthodontist wishing to plan a course of treatment for a child of that age and 
sex. A sample of configurations is considered, from which it is of interest to obtain the 
population mean configuration. The shape of this population mean can be estimated 
using what is known as the full Procrustes estimate of mean shape. The method of full 
GP A involves translating, rotating and re-scaling the configurations in a sample 
relative to each other so as to minimise a total sum of squares. The estimate of mean 
shape is obtained by minimising (over the mean shape) the sum of square full 
Procrustes distances from each individual configuration in the sample to an unknown 
unit size mean configuration. The full Procrustes estimate of mean shape is actually 
the eigenvector corresponding to the largest eigenvalue of the complex sum of squares 
and products matrix, which is unique (up to a rotation) provided that there is a single 
largest eigenvalue of the complex sum of squares and products matrix. The full 
Procrustes fits (or co-ordinates) of each individual configuration can also be obtained, 
providing an alternative estimate of mean shape as the arithmetic mean of these co-
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ordinates. This is analogous to the EFF approach in taking the arithmetic mean of the 
predicted points from the EFF to produce an estimate of average 'form' i.e. size and 
shape, or average shape if using size-standardised predicted points. Again, ProcIUstes 
residuals can be calculated which are useful for investigating shape variability in a 
sample of configurations. 
5.2.3 Shape Variability 
Once an average configuration from a sample of objects has been estimated by 
Procrustes methods (GP A), it might be of interest to follow on by examining the 
structure of the shape variability in the sample. A suitable method is to investigate the 
shape variability in a linearised space about the estimated 'average' shape, referred to 
as a tangent space. Principal component analysis (peA) of the ProcIUstes residuals 
(which are approximate tangent co-ordinates) provide a method for such an 
investigation. 
First of all the Procrustes estimate of mean shape is obtained from the dominant 
eigenvector of the complex sum of squares and products matrix. The Procrustes 
estimate of mean shape is centred (at the centroid, on the origin) with unit size and 
rotated so that the line joining two sensibly chosen landmarks is horizontal. The 
Procrustes co-ordinates of this estimate of mean shape are easily calculated, as are the 
Procrustes residuals. To examine the structure of variability in the sample of 
configurations, the eigenstructure of the sample covariance matrix of these Procrustes 
residuals is examined. The eigenvectors of the sample covariance matrix are in fact the 
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principal components of the sample covariance matrix, with corresponding 
eigenvalues from which the percentage of variability explained by each principal 
component (eigenvector) can be calculated. Further, for each principal component, the 
shape of the configuration at ± 3 standard deviations away from the mean shape can be 
calculated. Certain shifts of the different principal components can be interpreted in an 
attempt to explain what might be happening to the shape ± 3 standard deviations, or 
whatever, from the Procrustes estimate of the mean configuration. There are some 
very useful plotting techniques available that allow simple visualisation of the effect 
of each principal component in a data set. These will be demonstrated in section 5.5.3 
where the mandibular data is investigated using Procrustes analysis. 
It can often be the case that only a few principal components are required to explain a 
high percentage of the shape variability in a sample of objects, especially if there are 
strong dependencies between landmark points. 
Some principal components correspond to easily interpretable aspects of shape 
variability in a data set such as length, width, height, bending etc. It can be the case 
however, that many combined effects are taking place in each principal component 
that in turn makes interpretation difficult. 
It is worthwhile to note that in data sets where the variability between configurations 
is very small, it can be beneficial to magnify the range of the standard deviations away 
from the mean shape, say to ± 6 standard deviations, in order to easily visualise the 
effect of each principal component. 
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5.3 Bookstein Co-ordinates 
In addition to Procrustes analysis, another helpful way of representing 'shape' data is 
Bookstein co-ordinates (or Bookstein shape variables as they are sometimes known). 
The method, attributed to Bookstein 1984, is straightforward and makes a useful first 
step illustration in the initial stages of any shape analysis. Bookstein co-ordinates 
provide a suitable choice of co-ordinate system for shape analysis in that each 
configuration in the sample under consideration will be invariant under translation, 
rotation and scale change. In this case, the similarity transformations are removed by 
translating, rotating and re-scaling a configuration so that two sensibly chosen 
'baseline' landmarks are sent to a fixed position, (-0.5, 0), (0.5, 0) for the purposes of 
the analysis used in this thesis. For practical data analysis it is sensible to choose the 
baseline as landmarks that are 'not too close together'. However, where the baseline is 
sent is an arbitrary choice. Once these two sensibly chosen 'baseline' landmarks are 
sent to a chosen baseline then, suitable so-called shape variables are then considered to 
be the (x,y) co-ordinates of the remaining k-2 points after the similarity transformation 
operations are completed. Here, k is defined as the total number of landmark points 
used to characterise the outline and the resulting Bookstein shape variables are defined 
to be (Uj, vJ co-ordinate points where i = 3, ...... ,k. 
In essence, Bookstein co-ordinates (shape variables) are just registered co-ordinate 
points, referenced on a baseline after removal of similarity transformations which 
represent the shape of a particular form. They could perhaps be considered analogous 
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to the EFF approach, which centres configurations on the centroid and measures their 
shapes by calculation of centroid-to-boundary outline points. 
Also, as with Procrustes analysis, an estimate of the 'average' shape of an object can 
be obtained as an estimate of the mean shape of the configuration by simply taking the 
arithmetic mean of the Bookstein co-ordinates. This is referred to as the Bookstein 
mean shape and is again analogous to the EFF approach where the arithmetic mean of 
the predicted points from the EFF was considered as an estimate of average 'fonn' i.e. 
size and shape, or average shape if using size-standardised predicted points. 
The Bookstein co-ordinates for each configuration in a sample of objects can be 
plotted and superimposed on the chosen baseline to get an idea of within sample 
variability. The Bookstein mean shape for a particular sample can then be calculated 
and plotted. Estimates of mean shape for different samples can be superimposed (on 
the chosen baseline) and compared in order to get a feel for whether or not there are 
differences between two groups (males and females for example) in tenns of their 
shape. The relationship between size and shape of an object can also be investigated 
by plotting each of the Ui and the Vi co-ordinates, i = 3, ..... ,k, the Bookstein co-
ordinates (shape variables) representing the shape of the object, against any 
appropriate 'size' measure of the same object where the measure of the 'size' of an 
object used in this part of the analysis is the centroid size of the object. The centroid 
size of an object is defmed to be the square root of the sum of the squared Euclidean 
distances from each landmark point to the centroid. It is calculated (as any other size 
measure would be) before any re-scaling of the object is undertaken. Area could of 
course be used as a 'size' measure as in the EFF approach. A relationship between the 
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size and shape of an object would be assumed where the scatter plots of such a size 
measure against any of the shape variables resulted in strong positive (or negative) 
correlations. Pair wise scatter plots of these so-called shape variables can also be 
plotted i.e. relationships between each of the u/s and each of the v/s, as well as 
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between the u/s and v/s, can be investigated. Particular shape variables might be 
highlighted which show strong positive and strong negative correlations. Such 
correlations can be difficult to interpret however, since an artefact of this particular 
co-ordinate system, in registering each object to a given edge, is that correlations may 
be induced into the Bookstein shape variables, even when the landmarks themselves 
are uncorrelated. 
Examples of these plots illustrate the use of Bookstein co-ordinates in Section 5.5.2. 
Standard multivariate analysis on the Bookstein co-ordinates, ignoring the non-
Euclidean nature of the Bookstein shape space, using normal models for shape 
variables for approximate inference, is one approach to shape analysis for a random 
sample of objects. 
This method is sufficient for mean estimation and hypothesis testing, provided that 
variations in the data are small (between objects). What is meant by 'small' variations 
is of course a matter for debate. As a rough guide, if the standard deviation at 
landmarks is less than about one tenth of the length of the baseline, than this approach 
can be considered reasonable. If the original landmarks have a multivariate normal 
distribution, then it can be shown that if variations are small i.e. as the variation in a 
sample of data approaches zero then the shape distribution is also approximately 
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multivariate Normal. On the other hand, as the variation in a sample of data 
approaches infinity i.e. is large then the shape distribution tends to a Uniform 
distribution (Bookstein 1984 and 1986). 
The structure of shape variability of the shape variables in a sample of objects is 
however less straightforward to interpret. As mentioned already, transforming (or 
registering) each object to a given edge (two sensibly chosen landmarks to (-0.5, 0), 
(0.5, 0» induces correlations into the shape variables in general and this can lead to 
spurious correlations. The method of Bookstein co-ordinates should therefore not be 
used to investigate the structure of shape variability unless there is good reason to 
believe that the baseline landmarks are essentially fixed. Another point to note that 
often happens with using Bookstein co-ordinates, is the fact that the variability in the 
points away from the origin appears larger than the points nearer the origin. In other 
words, if the mean location of the landmark points under consideration are far away 
from the mid-point of the baseline, (0,0) here, then the variability appears larger than 
that found in points closer to (0,0). These two artefacts of the Bookstein co-ordinate 
system are to do with the covariance structure in the multivariate Normal distribution 
between the shape variables. 
This is why many researchers prefer to use Procrustes tangent co-ordinates to 
investigate shape variability in a sample. 
Nevertheless, the use of Bookstein co-ordinates does provide a very useful first step 
analysis of the shape of a sample of objects and should not be ignored completely. We 
have included such an analysis of the mandibular data in Section 5.5.2. 
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5.4 Inference using Procrustes and / or Booksteln co-ordinates 
Obviously the ultimate aim of any study similar to the investigation in this thesis is to 
say something about the size, shape, or size and shape of an object or differences in a 
group of objects. Many of the methods used for analysing differences in size and / or 
shape are based on subjective examination of various plots as outlined here and 
applied to the mandibular data sample in section 5.5. 
5.4.1 Size and shape analysis using Procrustes and / or Bookstein co-ordinates 
As discussed previously, it is sometimes of interest to examine whether the size of an 
object or objects is related to the shape of the object or objects e.g. to investigate 
concurrent changes in size and shape of the mandible over a period of time. An 
appropriate measure of size has to be identified (similar to choosing suitable shape co-
ordinates as the Bookstein co-ordinates or Procrustes tangent co-ordinates). The 
relationship between size and shape of objects (previously defined as allometry), can 
be investigated in a geometrical context using regression techniques. A simple 
approach is to carry out a linear regression of a shape variable (e.g. Bookstein shape 
co-ordinates or principal component scores) on a chosen size variable (e.g. the 
centroid size). The objects remain invariant with respect to location and rotation, but 
not scale. Simple exploratory plots of the data are useful in investigating the 
relationship between size and shape. 
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Two such examples are given in sections 5.5.2 and 5.5.3 where the size variable is 
defined to be the centroid size of each configuration of landmarks (defined previously 
to be the square root of the sum of the squared Euclidean distances from each 
landmark point to the centroid). In the first example, Bookstein co-ordinates define the 
shape variables of the object (described previously), which are plotted against the 
centroid size in order to try and capture the relationship between the size and shape of 
the mandibles of a given group, at a given age. The second example utilises principal 
components (resulting from Procrustes superimposition) to capture shape and centroid 
size, to examine correlations between them and therefore investigate any obvious 
relationships that may exist between size and shape. 
5.4.2 Shape analysis using Procrustes and/or Bookstein co-ordinates 
Many plots can be drawn in order to try to capture the shape of an object or group of 
objects, as well as perhaps, differences in shape between 2 objects, or differences in 
shape between the 'average' shapes of a sample of two groups of objects. These plots 
may include analysis of Bookstein shape variables, or examination of the resulting 
principal components from GPA methods as outlined in sections 5.3 and 5.2.3 
respectively. Again, applications specific to mandibular description are given in 
section 5.5. 
In addition to these illustrative plots, there are formal hypothesis tests which can be 
utilised in order to investigate 'shape', as well as additional methodology which allows 
the process of 'shape change' to be investigated. 
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5.4.2.1 Formal tests of differences in shape between objects 
Formally, an inference procedure for shape analysis based on tangent space methods is 
considered i.e. using the Procrustes tangent space co-ordinates. Each object / 
configuration after Procrustes matching is represented as a point in what is known as 
Kendall's shape space. The Procrustes distance coefficient between any two forms is 
non-Euclidean and can be thought of as the closest great circle distance between them. 
For practical purposes however, statistical analyses (like principal components 
analysis) of Procrustes-fitted data are generally carried out in the tangent plane to 
shape space (which, as long as variations are small, adequately approximate the 
curving of Kendall's shape space). The distances between the forms can then be 
treated as if they are Euclidean, and normal statistical assumptions can be made. This 
method is valid only in data sets with small variability in shape between objects then. 
If the data are concentrated i.e. small shape variability, then the standard multivariate 
analysis in the linear space using the Procrustes tangent shape co-ordinates can be 
performed by way of standard Hotelling's T2 tests. A one sample Hotelling's T2 test 
would test whether or not the mean shape of a sample of objects followed a particular 
'reference' or perhaps 'template' shape. In the context of our data, this could be a 
reference norm of a 'typical' 9 year old female mandible if it were available. Of more 
use perhaps, is the two sample Hotelling's T2 test. This test might for example 
consider whether or not the mean shape of a group of female mandibles (at a particular 
age) is the same as the mean shape of a group of males (of the same age). Or indeed, 
whether or not the mean shape of a group of 9-year-old female mandibles is the same 
as the mean shape of say, ll-year-old female mandibles etc. This test is used in the 
analyses of the mandibular data only when the sample sizes are sufficiently large. To 
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test differences between males and females at each age it turns out that this test cannot 
in fact be carried out. This is because we have 19 landmark points to characterise the 
mandibular outlines, which results in 34 Procrustes shape variables (2k-4). This has to 
be subtracted from the respective sample sizes for the males and females (for each 
age), in the test statistic, but our largest combined sample size is that for age 15 where 
we still only have 14 males and 7 females. The test can be used on the pooled data to 
examine whether or not there is a difference in shape, on average, between ages 9 and 
15 and between ages 11 and 15 (with respective pooled sample sizes of 18 and 21 and 
13 and 21). Again however, even the combined sample sizes are too small to test 
between ages 9 & 11, 9 & 13 or 11 & 13. 
There are other tests that can be considered under different circumstances e.g. 
Goodall's F test (Goodall 1991), but they are not considered here, nor applied to the 
mandibular data. 
5.4.2.2 Methods for describing shape change between objects 
One method that is considered a particularly useful tool for describing the shape 
change between objects is that attributed to Bookstein 1989. Much in the spirit of 
D' Arcy Thompson, grids are drawn on the original configurations, and 'deformed' in 
the matching process to describe shape change. This method, thin plate splines, is 
applied to the mandibular data to illustrate the shape change between the average 
female shape and the average male shape, at each age. 
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5.5 Application: Analysis of the Mandibular Data 
This section examines the many useful plots that can be obtained using Procrustes 
analysis (and Bookstein co-ordinates), applied to the sample of mandibular data 
described in Chapter 3. These methods are utilised in an attempt to summarise the size 
and shape of the mandibular outlines (configurations) in each age group for both 
males and females. The notion of 'mean' shape of a sample of configurations is 
investigated, for each sex at a given age and whether or not there is a difference in this 
mean shape between the males and females of that particular age is explored. Further, 
an attempt is made to summarise the main shape changes that might be taking place in 
both male and female samples, at each age in terms of Bookstein co-ordinates or 
principal components from Procrustes analysis. Also, where appropriate, formal tests 
are used to investigate whether or not there is a difference in mean shape between 
males and females, over the range of ages. Subjective assessment is made when formal 
testing is not appropriate due to inadequate sample sizes. If there is no evidence of a 
difference, the males and females can be combined and a test of whether or not there 
is a difference between the mean shape of all configurations at a certain age with those 
of another age carried out. Once again formal testing is considered only where sample 
sizes are of adequate size. For example, the mean shape of all males and females aged 
9 with the mean shape of all males and females aged 15. The relationship between size 
and shape is also investigated, again using Bookstein co-ordinates and principal 
components analysis from Procrustes analysis. 
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5.5.1 Preliminary Plots 
Investigation of the mandibular data begins by plotting the raw data available, 
uncorrected for size, characterised here by the full 78 landmark point representations. 
Figure 5.1 depicts the mandibular outline for the first two females in the data sample, 
aged 9. It would seem that these two females are slightly different in terms of size and 
shape. 
Further, it can be seen from Figure 5.2 that each of the mandibular outlines for 
females aged 9 (there are 6 females aged 9 in our sample, each depicted by a different 
symbol) could all indeed be slightly different in terms of overall size and shape. 
Similar observations can be made for males, aged 9 from Figures 5.3 and 5.4 where 
there are 12 males aged 9 in the sample. However, although there is some evidence of 
within-sex variability of the mandibular outline for both males and females, it can be 
seen that most of the variability is in fact confined to particular areas of the bone. For 
the females, there appears to be more variation in the anterior border of the mandible 
and around the condyle, mandibular notch and coronoid process areas of the bone. 
There tends to be a similar pattern of variability in the male sample, aged 9 in that 
there is indeed evidence of variability within the 12 males in the anterior border of the 
mandible and around the condyle, mandibular notch and coronoid process areas of the 
bone. The patterns here become harder to discern however since there are more males 
plotted on the same graph. A pattern of variability also emerges along the lower 
border of the mandible and the posterior border of the ramus, as well as the alveololls. 
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Such an overall pattern of intra-sex variability will almost certainly be relat d t th 
fact that some people simply 'grow' more quickly than others. 
Any differences (if they exist) between the sexes can perhaps be gleaned fro m Igur 
5.5 where females and males are depicted side by side. There doe not appear t be 
any obvious differences between males and females aged 9 in thi sampl e wh r it can 
be seen that the outlines are basically equivalent in terms of overall h ight, width and 
length . This is however very difficult to appreciate and will be inve tigat d furth r 
later by plotting and superimposing average outline for male and femal . 
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Figure 5.2 Mandibular outlines. AU 6 females. Age 9. 
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Figure 5.4 Mandibular outlines. AJI12 males. Age 9. 
Females Aged 9 - Raw Data Males Aged 9 - Raw Data 
5l ~ ~ 
,.. \.':;j ,.. 8 ~~~ 00 ~ q, 0 0 
asP 
100 150 200 100 150 
6 femal:s aged 9 
Fib'Ure 5.5 Mandibular outlines. All 6 females and 12 mul s. Ag' 9. 
Similar plots were produced for both the males and females in the data sample for all 
the other ages 11, 13 and 15, with 78 points used to characterise each mandibular 
outline. There are 9 males and 4 females aged 11, 10 males and 7 females aged 15 and 
14 males and 7 females aged 15. These plots are not illustrated here. However, similar 
to that observed for age 9, there seemed to be slight differences within as well as 
between the sexes in terms of the overall size and shape of the mandibular outlines, at 
all ages. 
Although most of the differences seemed to be very small (both within samples and 
between males and females, at each age) and may not be statistically significant, they 
still warrant further investigation, where possible. Further, the size of each 'form' 
should be minimised to enable shape alone to be examined, using in this chapter, 
Procrustes analysis and / or Bookstein co-ordinates and formal tests used where 
possible to investigate differences in shape. In addition to plots of the raw data then, 
which take into account both size and shape of each configuration in the sample, 
configurations can be translated, rotated and re-scaled to investigate whether or not 
there is any difference in shape only (using Procrustes methods and / or Bookstein co-
ordinates). The mean shape for males and females can also be calculated and plotted 
(again using Procrustes methods and / or Bookstein co-ordinates). Further, a formal 
Hotelling's T2 test can be used to investigate if the full Procrustes estimate of mean 
shapes are in fact different (see later). 
Subsequent analyses of the mandibular data concentrate on the 19 anatomical 
landmark points only. The original landmark points 51 and 18 i.e. the most anterior 
point on the posterior aspect of the ascending ramus with respect to the condylar plane 
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and the tip of the lower central incisor respectively, are taken to be new baseline 
points 1 and 2 in these analyses. This is due to the fact that baseline points have to be a 
sensible distance apart for meaningful analysis as explained earlier. The original 
landmark points 1 and 2 would have been too close together for this purpose, where 
original landmark 2 is not an anatomical landmark point anyway. 
Only a small number of the many plots produced during the analyses are included here 
for illustrative purposes. All analyses were carried out at all ages however. A brief 
summary is made where appropriate to cover the age groups and plots not shown. 
5.5.2 Bookstein Co-ordinates 
As mentioned previously, the mandibular outlines for this part of the analysis are 
characterised by the 19 anatomical landmark points as defined in Chapter 3, where 
landmarks 51 and 18 are now taken to be the new baseline points 1 and 2 respectively. 
This new designation of the 19 anatomical landmark points is outlined in Table 5.1 
and illustrated in Figure 5.6. 
Figure 5.7 shows a scatter plot of the raw data for Female 1, aged 9, characterised by 
this new designation of points. 
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Original Point New Anatomical Landmark Defin ition 
Number DesignatJoll 
I (and 78) 
3 
13 
18 
23 
27 
3 1 
35 
39 
43 
45 
49 
51 
54 
58 
62 
67 
72 
76 
Table 5.1 
3 
4 
5 
2 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
PNS 
the point of intersection of the ANS-PNS plane with tile outline rthe fult cri r n.qcendin • ramus 
the most posterior aspect of the anterior ascending ramus with respe't to th condylar plnne 
the point of intersection of the border of the alveolar hone and the posterior lower central incisa l 
margin 
the tip of the lower central incisor 
the point of intersection hetween the anterior lower centml incisr" margin and the al veo lar honc 
Point B 
the most posterior point on the anterior aspect of the hody of the mandible with respect to the 
mandibular plane 
Pogonion 
the most anterior point on the anterior mandibular body with respect to a perpcndi 'ulnr drawn 
from tbe mandibular plane 
(Menton / Cephalometric matilion 
The most inferior point on tile symphysis of the mundihl 
the most inferior point on the anterior mandibular hody with respect to the mnndihulnr pllllle 
the most superior point orthe lower border of the mandible with respect to the l1Iondihulm plane 
Gonion 
the most inferior point of tile posterior mlmdibular hody with respect to tho mandihular pl alle 
the most posterior point on the lower aspect of the posterior asccntiill ' rrtmllS WIth respoct to the 
condylar plane 
the most anterior point on the posterior as pect of the as 'cndin · r mus with ICS pcct to the <'Ilndylnr 
plane 
+ point 49 = condylar plane 
the most posterior point on the mandibul nr condyle with rcsp 'ct to the condylnr plnnc 
t.he most superior point of the condyle with respect to til e 'ondylllr nil 'k 
the point of intersection on the anterior surf, e of the condyle drnwl1 hy (I P rp,,"dl '"I /l r Imm 
point 54 (tangent point thut marks the hungu in cllrvature h twcen th ' ' t!mlyl h (Id IIml the 
mandibu lar notch) 
the most inferior point of the mandibulnr 11 t h with r sp ,t to 'p rp IHI ,,' 11 I 11 (\1 "\'11 1'1,"11 th" 
condylar plane 
the tip oHhe coronoid process 
the most anterior point ofthc orol1 oid pr cess with respect tt! " pllI(llIcI li'olll th ' ':'"1,1\ ifll 1'11110 
New designation of anatomicall llndmar l< IJoints. 
62 
neN 
. 5 point 67 = 
58 = neN pOint 1 16 new 
72 = neN point 18 
+-t&++liJ point 
54 = neN point 14 m+ + 17 ++1D1m 76 = neN point 19 
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Figure 5.6 
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49 = neN point 13 IB+ 
++ 
45 = new point 12 IB 
c + 
+ 
IB 1,78 = neN point 3 
+ Ht 3 = neN point 4 
+ 16 = new point 2 
++ 
+ 13 = new point 5 +i8l: 
+ + + + + 
+ + IB + 
I 23 = new point 6 27 = new point 7 
+ 43 = neN point 11 
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+ 
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39 = new point 10 + + + 
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IB+ +-tIB 31 = neN point 8 
35 = new point 9 
Illustration of the new designation of anatomical hmdmarl< points. 
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Scatter plots for each of the mandibular outlines, agam characterised by the e I 
anatomical landmarks for the 6 females and 12 males aged 9 in the ample are 
depicted in Figure 5.8. Each outline is depicted using a different symbol. 
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Figure 5.8 Scatter plots of raw data. 6 Females ~lDd 12 Males. Age 9. 
It could be said that although the outlines are fairly close togeth r verall, there d 
appear to be a slight difference within each group in term of the verall ize and 
shape of the bone, in that there is some variation in landm ark points at a h f th I 
landmarks. 
Any shape differences in the mandibular outlines within the ampl f fi m I and 
12 males, aged 9 are however, difficult to ascertain whil t the efD ct f iz r mains in 
the outlines. This size effect can be eliminated, leav ing only shap differ n , by 
transforming the original 19 anatomical landmark points to give kstein c -
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ordinates, removing similarity transformations by translating, rotating and re- aling 
such that landmarks 1 and 2 are sent to (-0.5, 0) and (0.5, 0) re pectively a plain d 
previously. Figure 5.9 depicts the Bookstein shape variables for both fI male and 
males, aged 9. Each configuration (mandibular outline) is registered on the ba line 
landmarks 1 and 2, giving scatter plots of the Bookstein co-ordinates of the remaining 
k-2 = 17 landmark points after translation, rotation and re- caling. Pr ducing uch 
scatter plots of the Bookstein co-ordinates is often the first tage in any simple hap 
analysis . 
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Fibrure 5.9 Scatter plots of the Bookstein shape varinblcs. mal s llntl 12 Mill ·S. AI! ' C • 
It can be seen that there is some evidence of variability b tw n th utlin fI r th 
females and 12 males, of differing degrees, at each landm ark pint. 
A 'mean ' estimate of shape can be calculated from these Bookstein shape vari abl s for 
both groups and plotted, as illustrated in Figure 5. 10. 
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Figure 5.10 Bool<stein 'mean' shape. 6 Females and 12 Males. Age 9 
These mean shapes can be superimposed in order to get a feel tI r wheth r r n t th 
mean shapes for males and females, aged 9 are di fferent. r m igu re 5.11 w might 
say that the 9-year-old male and female mandibular outline in thi ampl ar in fa t 
on average, very close in terms of the shape of the b ne. It i I ar that a h f th k-2 
landmark points after translation, rotation and re- aling u ing n w landmark pints 
and 2 as a baseline, are in very close ' agreement' b tw n th in th i sampl f 
material. Whether or not the population mean hape are different i n t t t d ~ ('ma ll 
here. 
I 7 
Bookstein Mean Shapes, Aged 9 - Females x and Males + 
CD 
0 
<t 
0 
+ )t~ 
~- x j( X 
* 
-tI( 
> 
0 :I: +x :I: 0 
N ¥ { 
c:? 
-+x 
x 
<t 1< ~ 
c:? ltt 
~ 
CD 
c:? 
I I I 
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 
u 
6 females & 12 males aged 9 
Figure 5.11 Bookstein 'mean' shape. 6 Females superimposed on 12 Mal s. Ag 9. 
Equivalent plots were produced for both males and femal for ag 11 , I and 15. 
These are depicted in Figures 5.12 - 5.15 for the 9 mal sand 4 ~ ma le ag d 11 ; in 
Figures 5.16 - 5.19 for the 10 maJes and 7 female ag d 1 and igu r 5.20 - 5.2 
for the 14 males and 7 females aged 15. 
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Figure 5.12 Scatter plots of raw data. 4 FemaJes and 9 Males. Age 11 . 
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For Age 11 it can be seen that there does seem, as for age 9, to be a light difD ren In 
overall size and shape within the 4 females and 9 male in that th me 
variation in each of the landmark points (Figure 5.12). Adju ting for ize, it i again 
observed that slight variations in shape only exist in the Bookstein hape variable 
(Figure 5.13). Calculation of an estimate of mean shape for maJe and femal (igur 
5.14) and superimposition of these outlines (Figure 5.15) leads us to b erve tll at ther 
is probably no difference in mean shape between males and females . 
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Figure 5.16 Scatter plots of raw data. 7 Females and 10 Mal s. Age 13. 
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There again appears to be slight variations in size and hape 19ur 5.1 and hap 
only (Figure 5.17) for the 7 females and 10 males in our ampl , ag d 1 an 
shape differences between males and female ( igure 5. 19) at thi ag b 
more exaggerated in the condyle, mandibular n tch and c r n id pr f th 
bone, and also in the anterior border of the ramu and perhap th mpar d 
to ages 9 and 11 . These differences do still appear t b v ry mall h w r. 
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Figure 5.20 Scatter plots of raw data. 7 Females and 14 Males. Age 15. 
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Figure 5.23 Bookstein mean shape. 7 Females sup 'rimJlos 'd on 14 Mal ... 
The 7 females and 14 males, aged 15 depict once again, a similar picture - some, but a 
very small amount of variation exists in overall size and shape (Figure 5.20) and in 
shape only (Figure 5.21), within both the male and female samples. Further, as for age 
13, the mean shapes for males and females tend on average to be very close. Again 
there is some evidence of slightly larger differences in the mandibular notch and 
coronoid process areas of the bone, and also in the anterior border of the ramus and 
perhaps the alveolous compared to ages 9 and 11 (Figure 5.23). 
The relationship between size and shape, which is captured to some extent in plots of 
the raw data, can be further investigated by way ofBookstein shape variables. 
A series of pictures for each mandibular outline, for each of the sexes, for each age are 
shown in Figures 5.24 - 5.27 (a) and (b). Each series begins with the Bookstein mean 
shape for a particular group of configurations (mandibular outlines), either males or 
females, for a particular age. The raw data for each of the configurations that 
contributed to that particular Bookstein mean shape (either males or females, for a 
particular age) are then plotted. The respective shape distances from the Bookstein 
mean shape and The centroid size for each of these configurations are quoted (before 
transforming the original (x,y) co-ordinates into Bookstein co-ordinates (shape 
variables) by registering (new) landmarks 1 and 2 of each configuration at a chosen 
(-0.5,0), (0,0.5) baseline). The shape distances (after registration) of each 
configuration from the Bookstein mean shape are also given. All shape distances and 
centroid sizes are given for each of the configurations in the top right hand corner and 
bottom right hand corner respectively. 
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It is interesting to note that centroid sizes range from 154 to 178, 163 to 171, 176 to 
192 and 179 to 194 for ages 9, 11, 13 and 15 for females and males respectively. It 
can be said then, that size is indeed increasing over the range of ages for both males 
and females' (the ranges of centroid size are increasing with increasing age). There is 
however a lot of overlap between the ranges of different ages, for both males and 
females. The shape distances of each configuration from the Bookstein mean shape 
within the male and female samples, for the different ages give some indication of the 
within-sample and between-sample variation in shape. Both between males and 
females at particular ages, and between ages for the male and female groups. These 
values are 0.054-0.078 and 0.036-0.098; 0.045-0.086 and 0.043-0.101; 0.045-0.080 
and 0.044-0.089; 0.052-0.083 and 0.055-0.105 for females and males aged 9, 11, 13 
and 15 respectively. It can be seen then, that these values tend to be fairly similar 
within-samples and between females and males for each age group (there tends to be a 
great deal of overlap in the ranges between sexes of the same age). Further, there also 
tends to be great deal of overlap in the ranges between females at different ages and 
males at different ages. These observations would suggest that there does not appear to 
be a great deal of difference as regards the shape of the mandible, within male and 
female samples and between male and female samples, and also over the range of ages 
for both males and females. Similar observations have already been made with the 
Bookstein co-ordinates. 
These shape distance measures from the Bookstein mean shape and centroid size 
values for each mandibular outline in the appropriate samples can also be plotted 
against one another in order to examine the relationship between size and shape. Such 
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plots are shown in Figures 5.28 - 5.31 (a) and (b) both females and males 
respectively, at each age. 
It can be seen from these figures that, for both males and females, at all ages, there is 
no clear pattern of a relationship between size and shape. Where a particular 
configuration in a sample has the largest centroid size for example, it does not 
necessarily have the largest shape distance from the Bookstein mean shape for that 
group, or vice versa. There does appear however to be some 'loose' patterns in some 
of these plots which may suggest some relationship between size and shape, but not a 
convIncmg one. 
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Pair wise scatter plots of the centroid size S versus each of the shape co-ordinates can 
also be produced to investigate any correlations that might exist between size and 
shape. There are too many of these plots to include here. To illustrate and give an idea 
of what we might expect and / or be looking out for in this part of the analysis, 
examples of these plots are given for males aged 15 in Figures 5.32 (a) to (d). There 
are 14 males of that age in the sample and therefore anything interesting might be 
more likely to be observed than it would be for example, if females aged II were 
looked at since there are only 4 subjects of that age and sex. The centroid size for each 
of the 14 males in the sample (resulting in 14 points in each of the plots) are plotted 
against each of the Bookstein shape variables, i.e. each of the uj's and each of the v/s, 
(of which there are k-2=17 and i = 3, ..... 19 for this set of mandibular data). Pair wise 
plots of each of the shape variables can also be examined at this time to illustrate 
another important point as discussed earlier where it was noted that an artefact of this 
co-ordinate system in that correlations are induced into the shape variables, even when 
the landmarks themselves are uncorrelated. 
From Figures 5.32 (a) to (d) then, it can be seen then that there are no strong 
correlations between the centroid size S and any of the shape variables. Similar 
observations were made for the group of females, aged 15. This corroborates the 
random scatter of points depicted in the scatter plots of shape distance from Bookstein 
mean versus centroid size earlier. 
Further, it is easy to see that there are strong positive correlations between some of the 
vs; V9 & VJO and so on. These correlations can be difficult to interpret however, due to 
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the fact that this is an artefact of this co-ordinate system in that correlations are 
induced into the shape variables, even when the landmarks themselves are 
uncorrelated. 
Pair wise scatter plots for males and females, for all other age groups (1 1, 13 and 15) 
showed similar results. There did appear to be some weak correlations between the 
centroid size and some of the shape variables however. The strongest correlations 
between size and some of the shape variables seemed to be in the female group, for 
ages 9 and 13, and the male group, aged 13. This is reflected in the scatter plots of 
shape distance from Bookstein mean versus centroid size, some of which depict vague 
increasing / decreasing relationships between size and shape. Patterns are by no means 
clear-cut however. There may be some relationship between the size and shape of the 
mandibular outlines, particularly for these ages, but not a strong linear relationship or 
anything. It is worth noting that relationships between size and shape are very difficult 
to interpret and pick out from this data since the sample sizes are so small. 
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The variability of the shape variables is less straight forward to interpret using 
Bookstein co-ordinates, as discussed previously. This method is therefore not used to 
investigate the structure of shape variability in the mandibular data. This is addressed 
in the next section using Procrustes analysis. 
5.5.3 Procrustes Analysis 
Procrustes analysis of the mandibular data involves several steps (and lots of 
informative plots!). 
As with the analysis using Bookstein co-ordinates, the two dimensional outlines for 
each mandible are characterised by 19 anatomical landmark points as defined in 
Chapter 3, with original landmarks 51 & 18 now new landmarks 1 & 2. This new 
designation is the same as that used for the Bookstein co-ordinate analysis outlined in 
Table 5.1. 
As before, the first step in this analysis is to examine plots of the raw data. 
The Procrustes rotated data for both the females and males (at each age) are then 
calculated and displayed, as is the full Procrustes estimate of mean shape for the 
sample of females and males (at each age). However, unlike testing for the mean 
difference between males and females at each age using the predicted points from the 
elliptical Fourier function, a two sample Hotelling's T2 test cannot be used to formally 
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test for average shape differences between the sexes here. This is due to the fact that 
there are not enough subjects in the individual female and male samples. 
Various representations of the Principal Components are then given to investigate 
shape variability within the males and females at each age. 
The mean shapes are then superimposed and compared, followed by examination of a 
pooled data set for each age since the mean shapes for males and females are found 
not to be too different, and therefore can be combined. 
The full Procrustes mean shapes at each age for the pooled data samples are 
superimposed and examined to investigate whether or not there are differences in 
shape over the whole range of ages, from age 9 through to age 15. Formal Hotelling's 
T2 tests are carried out where appropriate i.e. when combined sample sizes are of 
adequate size. 
Pair wise scatter plots of centroid size, full Procrustes distance to the pooled mean and 
the first few principal component scores are also displayed for the pooled data in order 
to investigate the separation of males and females further. 
The relationship between size and shape is also investigated using Procrustes analysis, 
similar to that using Bookstein co-ordinates, by plotting pair wise scatter plots of 
centroid size and the shape variables, defined here to be the (x,y) co-ordinates of the 
full Procrustes co-ordinates for males and females at each age. 
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Finally, an alternative look at shape change between male and fell1 al i addr d 
by displaying deformation grids of the female average shape t the mal av rag hap 
(for all ages) using the method of thin plate spines. 
Figures 5.33 (a) and (b) depict the raw digitised mandibular outline data fI r a h 
individual outline for the 6 females and 12 males aged 9. In addi tion, igure 5. 4 (a 
and (b) depict each outline, for the same 6 females and 12 male up rim p ed, u ing 
a different symbol to depict each outline. It can be said from the e plots that, alth ugh 
the overall outlines (overall size and shape) tend to be very clo e, ther me 
variability within females and males at most of the landmark pint . imil ar p tt rn 
of variability were observed for the female and male sampl e at all th r ag . 
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Figure 5.34a 
Figure 5.34b 
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Considering shape only, Figures 5.35 (a) and (b) we see the superimposed female and 
male mandibular outlines using full Procrustes superimposition (GPA) where the full 
Procrustes fits for the 6 females and 12 males, aged 9 have been calculated separately 
and plotted. Each of the configurations in the sample under consideration (the 6 
females and 12 males, aged 9 as illustrated here) has been pre-scaled to unit centroid 
size, centred and superimposed on the centroid at (0,0), and rotated so that the line 
joining landmarks 1 and 2 is horizontal (but these points are not forced to (-0.5,0) and 
(0.5,0) now). Therefore, the 'clumps' of circles at each point on the mandibular 
outline represent the Procrustes rotated data for each configuration in the sample under 
consideration i.e. 6 circles at each point for the female sample (Figure 5.35a) and 12 
for the male sample (Figure 5.35b) for age 9. As a reminder, the new designation of 
points is equivalent to those used in the Bookstein co-ordinate analysis and is 
illustrated in the plot for females, age 9. 
For each sex, again the landmarks match up quite closely which implies that shape 
variability within the samples, at age 9, is evident but small (indicated by the closeness 
of each clump of points at each of the landmark points). In fact, to obtain an overall 
measure of shape variability the within sample root mean square of the full Procrustes 
distance from each configuration to the full Procrustes mean can be considered. The 
root mean square of the full Procrustes distance to the estimated mean shape within 
each group is 0.066 for the females and 0.072 for the males aged 9. The smaller these 
values, the less variability there exists within the samples. 
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Procrustes rotated Females Aged 9 - 19 Anatomical Landmarks 
Landmarks 51 & 18 as 1 & 2 
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Figure 5.35a Procrustes rotated outlines. 6 Females. Age 9. 
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The full Procrustes superimposition was also carried out for the 4 females and 9 males 
aged 11; the 7 females and 10 males aged 13 and the 7 females and 14 males aged 15. 
Again, the variability in the landmark points within female and male samples at these 
ages was small. Further, the corresponding measures of shape variability in these 
samples were 0.064,0.073; 0.071, 0.064 and 0.064,0.074 for females and males aged 
11, 13 and 15 respectively. It can be said then, that shape variability within females 
and males is small, for all ages, and the males tend to be slightly more variable in 
shape than the females with the exception of age 11. It is worthwhile to note that there 
are of course more males (in all age groups) which may have an effect on the measure 
of shape variability. 
The full Procrustes estimate of mean shape for each sex (at each age) was then 
calculated and plotted. This is found from the dominant eigenvector of the complex 
sum of squares and products matrix for each sex (at each age). The Procrustes mean 
shape is centred (on the centroid, at (0,0», with unit size (unit centroid size), and 
rotated so that the line joining landmarks 1 and 2 is horizontal (but these points are not 
forced to (-0.5,0) and (0.5,0) now). These estimates of mean shape for females and 
males separately aged 9 can be seen in Figures 5.36 (a) and (b). 
These full Procrustes estimated mean shapes for the females and males illustrated here 
are superimposed (by OPA or GPA) and displayed later, for all ages (Figures 40 (a) to 
(d». 
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Full Procrustes mean shape for Females, Aged 9 - 19 Anatomical Landmarks 
Landmarks 51 & 18 as 1 & 2 
Figure 5.36a 
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In order to examine the structure of variability within a sample, principal components 
analysis of the Procrustes residuals as discussed in section 5.2.1 are considered. The 
percentages of variability explained by the first three principal components for 
females, aged 9 are 38%, 21% and 20%, and 33%, 17% and 15% for males aged 9. 
For ages 11, 13 and 15, these values are 47%, 27%, 10%; 40%, 21%, 16%; 31%, 
27%, 18% for females, and 34%, 28%, 16%; 29%, 20%, 15%; 27%, 21 %, 15% for 
males. So, the first principal component is moderately high, but not extremely high, in 
each group, at each age. 
One representation of the principal components from such an analysis is, for each 
principal component, shapes at +3 standard deviations away from the mean are 
calculated and plotted. Such a plot for the first two principal components for each sex, 
aged 9 is given in Figures 5.37 (a) and (b). The mean shape is drawn with vectors to 
an icon (outline) +3 standard deviations along the first two principal components away 
from the mean shape. The circles represent the landmark points of the full Procrustes 
mean, and the lines represent the direction of shift of these points +3 standard 
deviations away from the mean. 
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Age 9. 
For the females , the first principal component involve mov m nt, to In tnt, 
in all the areas of the bone (in all anatomical landmarks). Tt app ars t in lud Ih 
'outward ' movement of landmarks 4, 8, 9, 11 , 12, 14, 15, 1 , 1 , I , and th ' in rd' 
movement of landmarks 3, 2, 6, 7, 10, 13 17. urth r in thi fi r t prin ip< I 
component, landmark 1 (old anatomical landmark 51) t nd t m 'up '. ra il 
pattern tends to capture an increase in the verall h ight and width Ih b n . 
Localised sculpturing in shape with a 'de pening' f th mandibular n h, lf1 nti-
clockwise rotation of the lower and anterior b rd r f th mandibl cnd 1 w r in 1$ r 
(with a concurrent increase in length of the bone) i al c ptur . 
movement in the second principal comp nent wh r landmark n th I w r an I 
anterior borders hardly move at all. There do m nl in th 
lower incisor however and this principal comp nent 81 t nd t flpturin I ti n 
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increased amount of variability in the condyle, mandibular n s 
and also the anterior border of the ramus . 
PC1 (left) ; PC2 (right) 
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Figure 5.37b Procrustes mean shape and vectors to +3 s.d's illong th I t :11\(1 2nd P s. Mal s. 
Age 9. 
In the males, the pattern of variability eem to be light! diffi r nt in p rti ular 
landmarks, but tends, to a certain extent, to pr duc th am rail in r In 
length, width and height of the bone. The fir t prin ipa\ m n nt h 
'outward ' movement of landmarks 3, 4, 8, 9, 11 , 12, I , I , , I , nd I 
Again there appears to be a contribution to the 'deep ning r th m ndibullr n I h in 
landmark 17, and a lengthening of the bone with an anti - I kwi r lali n r Ih ' 
anterior border of the mandible, and this time, a c ncurr nt k\ i. r t tion f lh 
lower border of the mandible. The lower inci or al 0 app a latin t in 11 lllti -
clockwise direction due to the movement in landmar 5, 2, and 7. lai n, th r 
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tends to be less movement in the landmarks in the se ond pnn ipal mp n nt 
(although more than observed for the female sample), where thi principal I11p n nt 
tends to capture variability in the condyle, mandibular notch and cor n id pr c 
Alternative representations of the princjpal component for the full data t f 
females and 12 males aged 9 are displayed in Figure 5.38 and 5. 9 (a) (b). 
In Figures 5.38 (a) and (b), each plot shows the shape at - 3, -2, -1 tandard de iati n 
(---.---.---) ; the mean shape (+----+----); as well as the shapes at + I , +2, + tandard 
deviations (+ ..... + .... +)along each of the first two principal camp nen . 
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The final representation of principal component analysi f the ~ mal and m I , 
aged 9 data in Figures 5.39 (a) and (b) depict a erie f 
first five principal components. Each row repre ent a prin mp n nt th ilh 
row represents the ith principal component) with conftgurati n 
0, 1, 2, 3 standard deviations along each principal c mp nent fr m th Pr nU S 
mean . The central figure in each row is the full Pr cru t mean 
either side of this mean show shapes at - , -2 - \, and + I, 2, 
along that particular principal component. 
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To aid interpretation, Table 5.2 provides a reminder of the different areas of the 
mandible (considered in the context of the original 78 point system). 
Points Description 
1-7 Anterior border of the ramus 
7-13 Alveolus 
13-23 (now includes new point 2 = old point 18) Lower incisor 
23-31 Anterior border of the mandible 
3~-4~ Lower border of the mandible 
45-49 Angle of the mandible 
49-54 (now includes new point 1 = old point 5 I) Posterior border of the ramus 
54-62 Condyle 
62-67 Mandibular notch 
72-78 Coronoid process 
Table 5.2 Areas of the mandibular outline. 
From these plots similar overall patterns in males and females, aged 9 can be seen. 
The first principal component includes information about the relative size. or width of 
the body of the mandible, where the angle of the mandible increases I decreases 
depending on which direction you move from the mean shape. There is also a 
simultaneous movement in the overall length of the bone, capturing the variability in 
the anterior border of the mandible. The first principal component can also be 
interpreted as partly capturing the 'depth' of the condyle and mandibular notch, as 
well as capturing the amount that the lower incisor moves backwards I forwards. 
There appears to be less overall movement in the landmarks for the second principal 
component, where the second principal component tends to measure the angle of the 
anterior ramus and the overall 'sculpturing' of the condyle and mandibular notch. 
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These observations can be seen in all three representations. The third representation 
(Figures 5.39 (a) and (b» includes principal components 3, 4 and 5 also. It can be seen 
here that the third principal component tends to measure the length of the posterior 
border of the ramus and the angle of the mandible (and hence, like principal 
component 1, captures the width of the body of the mandible). The fourth captures 
similar effects to principal component 2. Finally, the fifth principal component 
includes information about the movement and position of the alveolus, in a contrasting 
way to how the second principal component captures the variability in the anterior 
border of the ramus. 
Fairly similar overall patterns of shape variability in each principal component were 
seen for the male and female groups at other ages. 
Having investigated within sample variation attention is now returned to the 
comparison between male and female samples at each age. The full Procrustes 
superimposition of the female average shape and the male average shape (by GP A), 
for each age, is shown in Figures 5.40 (a) to (d). The female mean is depicted by x, 
and the male mean by +. 
A two sample Hotelling's T2 test could be used to formally test for average shape 
differences between the sexes. However as outlined previously, this test cannot be 
used here since there are not enough subjects in the female and male samples. 
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Subjectively however, from the plots of the full Procrustes estimate of mean shape it 
can be said that there is no evidence of any significant difference in shape between 
males and females, on average, at any age. The outlines are extremely close, at each of 
the 19 anatomical landmark points, for each of the four age groups. Further, the full 
Procrustes distance between the mean shapes is found to be 0.041 for age 9~ 0.034 for 
age 11; 0.045 for age 13 and 0.039 for age 15 which implies that the mean outlines for 
females and males are very close together, for all ages. It is worthwhile to point out 
that very similar observations were found using Bookstein co-ordinates. Further, it 
was observed from subjective plots of the mean predicted mandibular outlines for 
males and females using predicted points from the elliptical Fourier function (and 
formal Rotelling's T2 tests at each age) that there was unlikely to be a difference 
between the sexes, on average. 
The male and female data can then, be pooled. This results in 18 subjects for age 9 (6 
females and 12 males); 13 for age 11 (4 females and 9 males); 17 for age 13 (7 
females and 10 males) and 13 subjects for age 115 (7 females and 14 males). 
As for the separate male and females samples at each age, the Procrustes rotated data 
for the pooled samples at each age are calculated and displayed, as is the full 
Procrustes estimate of mean shape for the pooled samples, and the various 
representations of the principal components. Resulting plots are given in Figures 5.41 
(a) to (e). 
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Procrustes rotated Pooled Data Aged 9 - 19 Anatomical Landmarks 
Landmarks 51 & 18 as 1 & 2 
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From Figure 5.41 (a), it is again observed that there is little ariabilit 1!1 \J ithin 
all the mandibular outlines for age 9. The root mean quare f th full Pr m t 
distance to the estimated mean shape (shown in igure 5.4 1 r thi 
particular pooled sample that suggests small variation in hap . tu • 
for ages 11 , 13 and 15 were 0.072, 0.071 and 0.07 
indicate that there is little variation In shap ( d 
interesting to note that these are approximately the am m t an I 
female samples in this data sample that is comti rting wh n th 
Principal components analysis of the Procm te r idual a in r cl t 
examine the structure of shape variabiUty within th po I d mpl , th 
percentage of variability explained by the fir t three prin ipal rnp 11 fllS r 2 Vc, 
18%, and 12%. Corresponding values are 30%, 24% nd 12% ; 2 %, 2 Vo nd 1 'Vc 
2 • 
and 23%, 19% and 14% for ages 11, 13 and 15 respectively. As for the separate male 
and female samples, the first principal component is moderately high, but not 
extremely high. Overall, the percentages explained by the first three principal 
components are a bit lower than observed in the separate male and female samples. 
From the different illustrative representations of some of the principal components, it 
is once again observed that, overall, the principal components are capturing similar 
information about the shape variability of the pooled samples. In essence, the shape 
variability within the male, female and pooled samples seems to be very similar, 
although not necessarily capturing the same information at in each individual principal 
component. Further, it would seem that more principal components are required to 
explain the totality of the variability in the pooled samples for each age. It is observed 
however, that again the first principal component includes information about the 
relative size, or width of the body of the mandible with a simultaneous movement in 
the overall length of the bone and a measure of the 'depth' of the condyle and 
mandibular notch. To a certain extent, it also appears to capture some information on 
the backwards I forwards position of the lower incisor. The second principal 
component again tends to measure the angle of the anterior ramus and the overall 
sculpturing of the condyle and mandibular notch. However, from Figure 5.41 (e), we 
can see that the third principal component for the pooled sample tends to be capturing 
information, similar to the second principal component. Information about the length 
of the anterior border of the ramus, and therefore it includes the effect of the localised 
sculpting of the coronoid process. The fourth principal component includes the 
measurement of the length of the posterior border of the ramus and in turn measures 
how convex the angle of the mandible is (and hence, like principal component 1, 
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captures the width of the body of the mandible) . inally, fi r th p I d d ampl , 
aged 9, the fifth principal components capture informati n ab ut th m m nt lnd 
position of the alveolus, and hence the relative movement and p iti n f th I w r 
incisor, much like the same principal component for the eparat mal nd m I 
samples. 
Again, fairly similar overall observations were made for the p I d ampl Cl r Ih 
other ages 11, 13 and 15 . 
Plots of the full Procrustes mean shapes for the pooled data an al b pr du d fI r 
all ages on the same graph to determine whether or not th re might 11' 
shape over the range of ages . Age 9 is depicted by a cir le, ag 1I b an· , , I 
+ and age 15 by x. 
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From Figure 5.42 it would seem that there are small difference thr ugh } 
Changes in shape are evident e.g. along the lower border of mandibl age I I w t. 
These changes are small however. 
Formal Hotelling's T2 test for those age groups that can be te ted, ag and 1 nd 
13 and 15 provide no evidence of a significant difference in mean hap 
9 and 15 (p=O.29) or between ages 13 and 15 (p=O.61). Plot for th 
shown in Figures 5.43 (a) and (b) from which it can be een that f Ih 
anatomical landmarks for the two ages being compared are e tremel cl , ar und 11 
areas of the mandibular outline. 
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Figures 5.44 (a) to (d) display a further plot for the pooled data. h s paIr WI 
scatter plots display the centroid sizes (S), the full Procruste di tances t the pled 
mean (rho) and the first five principal component score (which attempt to captur 
shape) for the mandibular outline data at each age. hey are produced in an attempt to 
examine whether or not there is any difference betwe n the two gr up • mal and 
females, in terms of size and shape. The principal c mponent 
represent the scores for each principal component, in the dir ti n f an 
groups difference. Of the first few principal component , D r ea h ag , n n f th m 
have high scores . 
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From Figures 5.44 (a) to (d), none of the principal component scores separate males 
and females well. In addition, it can be seen that the groups do not differ in size, 
defined by centroid size, since again there is no clear separation of centroid size for 
males and females. Also, there is also no clear separation in the distances from the 
male and female configurations to the pooled mean shape. 
Further, there does not seem to be any correlation between the principal component 
scores and centroid size and / or distance to the pooled mean shape. If for example the 
first principal component measured a certain (shape) attribute and it was correlated to 
size, this may have a biologically reasonable explanation. For instance, it might be 
possible for the shape attribute that the principal component was capturing to be 
directly related to the overall size of the mandible. The overall length of the lower 
border of the mandible might be captured by the first principal component that might 
be directly related to the overall size of the mandible perhaps. 
Pair wise plots for the pooled data for the other ages, 9, 11 and 13 were similar in that 
there was no clear separation between males and females in terms of centroid size, 
distance to the pooled mean estimate of shape, or in the first few principal component 
scores. Also, there did not appear to be any correlation between the principal 
component scores and centroid size and / or distance to the pooled mean shape. 
These plots corroborate the previous subjective impression in that there is no clear 
evidence of a difference between males and females, at each age. And also that there is 
no clear relationship between size and shape for the pooled samples of data, at each 
age. 
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The relationship between size and shape can also be examined using Procruste 
analysis. Similar to Bookstein co-ordinates analysis, pair wise scatter plots can be 
displayed for appropriate size and sbape variables . The centroid size (S) is once again 
the size variable for this analysis and the (x,y) co-ordinates of outlines for the full 
Procrustes tangent co-ordinates (referred to as icon co-ordinates) represent the shape 
variables . We illustrate in Figure 5.45 the icons for full Procrustes tangent co-
ordinates (shape variables) for the 14 males, aged 15. 
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Figure 5.45 Icons for full Procl1Jstes tangent co-ordinates. 14 Males, A~' 15. 
Each of the ] 4 mandibular outlines in the sample (configuration) i ntr d ( n th 
centroid, at (0,0», is of unit centroid size and i rotated to be a a p ibl to th 
full Procrustes estimate of mean shape. There is clearly m variabilit in lh 
landmark points. This variability tends to be circular or ellipti cal in natur . 
24 1 
Pair wise plots of the icon co-ordinates and centroid size are given in Figure 5.46 (a) 
to (e) . 
These plots show some fairly strong correlations, mainly between some of the icon co-
ordinates, e.g . X 3 and x4, Y3 and Y4, X 5 and x6, X7, Y6 and Y7 etc. Centroid ize does not 
seem to be strongly correlated with any of the shape co-ordinates. This was the case 
for females , aged 15, as well as both maJes and females at all other ages, and also for 
the pooled data samples . Similar to that found in the Bookstein analysis, there were 
some weak correlations that might suggest size and shape are related in some small 
way. No very strong correlations were found between centroid size and any of the 
shape variables however. 
Figure 5.46a 
ordinates of outlines for the full Procrustes tangent co-ordinates. 14 Mul's. Ag' 15. 
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Figure 5.4Gb Pair wise scatter plots for centroid size (S) and the ( 5' 6,X" H, Y5,Y6,Y" Y,J 0-
ordinates of outlines for the full Procrustes tangent co-ordinates. 14 Males. Ag' 15. 
Figure 5,4Gc Pair wise scatter plots for centroid size ( ) ami Ch' (. 9'X10, ' 11" \It 91 Ill' WYI1) (J -
ordintltes of outlines for the full Procrustcs tangent co-ordinates. 14 Mal ·s. Ag' l5. 
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Finally, the method of thin plate splines (TPS) introduced briefl y in hapter I i u ed 
here to illustrate shape change from one group to another. Basically, a regular quare 
grid is drawn over the first configuration (in this case the full Procru tes mean hape 
for the females) and at each point where two lines on the grid meet, the corre p nding 
position in the second figure is calculated using a pair of thin-plate plines 
transformation. The junction points are joined with lines in the same ord r a in the 
first figure, to give a deformed grid over the second figure . For the mandibul ar data, in 
Figures 5.47 (a) to (d) we see a thin-plate spline transformation grid between the 
female mean shape estimate and the male mean shape estimate, for each age. he 
square grid is placed on the estimated female mean shape and the curved grid i 
pictured on the estimated male mean shape. 
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TPS grid : Female mean (left) to Male mean (right) 
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Figure 5.47d TPS Grid. Female mean to Male mean. Age15. 
It is fairly clear that there is evidence of a small shape change between female and 
males - evident in the condylar, mandibular notch, coronoid proce s area of the bone, 
and the alveolous and the tip of the mandible, fairly imilar for each age. hi uld 
be interpreted as disagreeing with previous ob ervation and a deci i n t pith 
data but again, these changes are seen to be extremely mall with slight d fI rmati n 
of the TPS grids from the female outline to the male outline, for ea h age. 
A pair of thin-plate splines could al 0 be u ed to deform a quar grid fr m g tag 
9 to 11 , grid from age stages 9 to 13 and from ag tag 9 t 15. A n f d fI rm d 
grids like this wou ld be useful in examining the chang S ov r tim . hi .. was n t d n 
here however. 
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5.6 Conclusion 
In this chapter the notion of Procrustes analysis within a shape analysis framework, as 
well as the very useful descriptive method of Bookstein co-ordinates has been introduced. 
In addition, the method of thin plate splines has been utilised to illustrate shape change 
from the female mean shape to the male mean shape. 
It has been demonstrated that these methods provide a useful insight into the description 
of size and shape of a sample of objects. In particular these methods have been used to 
describe the size and shape, and shape variability of the mandibular data for males and 
females between the ages of 9 to 15. 
Similar observations were made usmg both Procrustes and analysis Bookstein co-
ordinates. From the raw data, it seems likely that there are some slight differences in 
overall size and shape within samples, for both males and females, for all ages. In terms 
of shape differences, again it seems likely that there are some extremely small differences 
within samples, for both males and females, for all ages. Differences in shape were not 
evident between males and females, at any age. It would seem that there are small 
differences in shape between ages 9 to 15. These changes are very small and for the ages 
that could be tested, were not statistically significant. 
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There did not appear to be any association between the size and shape of the mandibular 
outlines in either the male or female samples, for all ages, or when the samples were 
combined at each age. 
Further, investigating shape variability using Procrustes methods by way of principal 
components analysis, it was found that the first principal component tended to explain a 
moderate amount of the totality of shape variability in male and female samples, as well 
as a combined sample, for all ages (where values were found to be lower overall in the 
combined samples). There is obviously a lot going on and some of the principal 
components appear to be capturing the same components of variability. In general, the 
first principal component tends to include information about the relative size of the bone, 
in terms of height, width and overall length. The first principal component can also be 
interpreted as partly capturing the depth of the condyle and mandibular notch, as well as 
capturing the amount that the lower incisor moves backwards / forwards. There appears to 
be less overall movement in the landmarks for the second principal component, where this 
tends to measure the angle of the anterior ramus and the overall sculpturing of the 
condyle, mandibular notch and coronoid process. The third principal component tends to 
measure the length of the posterior border of the ramus and the angle of the mandible 
(and hence, like principal component 1, captures the width of the body of the mandible) 
whilst the fourth captures similar effects to principal component 2. Finally, the fifth 
principal component includes information about the movement and position of the 
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alveolus, in a contrasting way to how the second principal component captures the 
variability in the anterior border of the ramus. Broadly similar results are found for males 
and females, as well as combined samples, and different age groups. 
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Chapter 6 
Discussion 
There is a general need for mathematical and statistical descriptions of complex 
irregular fOIms. In this thesis, this requirement has been addressed in the context of 
one particular problem in dentistry. The methods currently available to researchers to 
meet this need have been reviewed and two appropriate methods have been utilised in 
an attempt to describe size and shape changes in the human mandible from 9 to 15 
years for a particular sample of data. 
The elliptical Fourier function (EFF), a boundary outline, or landmark-independent 
method, has been contrasted with Procrustes analysis, a homologous point, or 
landmark-dependent method. Both have desirable aspects, but both also have, to some 
extent, associated theoretical and practical problems. The similarities and differences, 
advantages and disadvantages of these two methods will now be discussed. 
The same amount of work was involved in preparing the sample of data for analysis 
by either method. The implementation of each of the methods was straightforward 
using the suite of programs designed for the EFF method and a series of Splus 
functions for the Procrustes analysis (compiled by Ian L Dryden, University of Leeds). 
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Both methods have been seen to be very useful in a visually descriptive sense. 
Further, it has been established that both methods allow 'form' to be partitioned into 
independent size and shape components, following which it is possible to make 
uncorrelated assessments of the components of size and shape. 
In the particular context discussed in this thesis, the following conclusions were 
reached about mandibular growth using the EFF. 
Overall, it was observed that the mandible was indeed 'growing' i.e. changing in size 
and shape, between 9 and 15 years old. Males and females in the sample tended, on 
average, to display similar patterns of overall growth. On average, the bones tended to 
be increasing in overall length, height and width over the range of ages. It was also 
observed that the female growth spurt was more noticeable than the male growth spurt 
in this sample of data. 
Concentrating on shape change only, it was observed that small changes were apparent 
in a few areas around the mandibular outline. Shape changes were observed in 
particular in the anterior border of the ramus, the alveolus and the lower incisor. There 
also appeared to be slight shape changes in the area of the coronoid process. A slight 
increase in concavity in the anterior border of the ramus and a slight decrease in 
concavity in the alveolus was also observed over the range of ages. In addition, the 
lower incisor seemed to move posteriorly and become more upright over time. 
Further, the mandibular notch appeared to shallow and the coronoid process moved in 
a posterior direction. The observed shape changes were all very small however and 
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probably not statistically significant, although this was not tested formally due to the 
small sample sizes. Broadly similar patterns were again found in males and females in 
respect of shape change only. 
Comparison between average predicted outlines for males and females found no 
significant difference between the sexes as regards overall size and shape and shape 
only changes between ages 9 to 15. 
In addition, from the error study analyses carried out using centroid-to-predicted 
outline distances calculated by the EFF, it was found that the repeatability of tracings 
done by the same observer was satisfactory. Tracings carried out by different 
observers were not in close enough 'agreement' however, to allow the two studies to 
be combined together. 
It is important to realise that in theoretical terms EFF is fundamentally a mathematical 
approach, in contrast to Procrustes analysis that is fundamentally a statistical 
technique. They have different objectives in that EFF aims to obtain a mathematical 
description of an individual object (or form), whereas Procrustes analysis aims to 
obtain a statistical model for the natural variation across a group of forms. So, in EFF, 
harmonics are added sequentially in order to improve the fit of the mathematical 
description of the particular object currently under consideration. In Procrustes' 
contrasting approach principal components are added sequentially in order to explain 
more and more of the variation among objects. 
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EFF provides a very effective mathematical description of an individual form. In fact, 
an excellent fit may be achieved using only the first 15 to 20 of the 39 possible 
harmonics. The raw material for statistical analysis is provided as a secondary 
consequence of the fitting process of EFF. However, EFF is not the most obvious or 
efficient approach to this task. Naively, one might expect to be able to use the 
mathematical descriptors (hannonic information) obtained from each of a group of 
objects for statistical purposes, but this is not the case. A simple example of the 
difficulties faced is the fact that the Fourier coefficients determined by EFF are not 
invariant to rotation of the form. This means that comparisons of individual harmonics 
among shapes will not necessarily provide readily interpretable comparisons. Aside 
from this, the fact that the Fourier coefficients are highly non-linear functions of the 
form indicates that making inferences back from sample summaries of these 
coefficients to population parameters in terms of the original geometry is very 
difficult. 
This means that, starting with EFF, statistical analysis must be conducted on the 
predicted points. Since the mathematical description available from EFF is almost an 
exact representation of the object, use of the fitted points is effectively equivalent to 
using the observed points, once the forms have all been registered at their centroid and 
each dimension scaled to a value consistent with an overall unit area for each form. 
There are simpler methods available for registering and area-standardising forms, so 
from a statistical point of view it is hard to see a use for EFF. 
In summary then, EFF is a useful method for describing individual forms, but it is not 
obviously successful as a basis for statistical analysis. 
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By contrast, Procrustes analysis is inherently a statistical model-building technique. It 
models the data inherent in a complex biological form in a straightforward linear 
manner. With Procrustes, we can register each form using the similarity 
transformations of location, rotation and scaling and work on the fitted form by means 
of a linear model. Estimates of mean shapes can be calculated and standard 
multivariate procedures (as long as we have sufficiently large sample sizes) can be 
used to formally test whether or not differences exist between age groups or sexes. 
With Procrustes analysis, shape variability within groups can also be investigated by 
way of principal component analysis. 
Similar observations were made about mandibular growth, in the sample investigated 
in this thesis, using both Procrustes analysis and the useful technique based on 
Bookstein co-ordinates. From the raw data, it seemed likely that there might be some 
slight differences in overall size and shape within samples, for both males and 
females, for all ages. In terms of shape differences, again it seemed likely that there 
were some extremely small differences within samples, for both males and females, 
for all ages. 
As with EFF analysis, there appeared to be some very small differences in shape 
between ages 9 to 15, on average. The observed shape changes were all very small 
however and were not statistically significant for the ages tested. Again, differences in 
shape were not evident between males and females on average, at any age. 
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Further using both Procrustes analysis and Bookstein co-ordinates, there did not 
appear to be any association between the size and shape of the mandibular outlines in 
either the male or female samples, for all ages. 
In addition, shape variability within male and female samples was investigated using 
Procrustes methods by way of principal components analysis where broadly similar 
results were found for males and females, as well as combined samples, and different 
age groups. It was found that the first principal component tended to explain a 
moderate amount of the totality of shape variability in male and female samples, as 
well as a combined sample, for all ages. Some of the principal components appeared 
to be capturing the same components of variability. In general, the first principal 
component tended to include information about the relative size of the bone, in terms 
of height, width and overall length. It could also be interpreted as partly capturing the 
'depth' of the condyle and mandibular notch, as well as capturing the amount that the 
lower incisor· moved backwards / fOIWards. There appeared to be less overall 
movement in the landmarks for the second principal component, which tended to 
measure the angle of the anterior ramus and the overall 'sculpturing' of the condyle, 
mandibular notch and coronoid process. Further, the third principal component tended 
to measure the length of the posterior border of the ramus and the angle of the 
mandible (and hence, like principal component 1, captured the width of the body of 
the mandible) and the fourth seemed to capture similar effects to principal component 
2. Finally, the fifth principal component included information about the movement 
and position of the alveolus, in a contrasting way to how the second principal 
component captures the variability in the anterior border of the ramus. 
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It is worth stressing that co-ordinate data analysis (like Procrustes and Bookstein 
methods) allows for a description of complex objects in which landmarks can be readily 
related to one another. As such the description of form can be thought of as complete, in 
the sense that all landmark locations are fully defined. However, practical considerations 
in identifying equivalent landmarks, in choosing the correct number of useful landmark 
points to characterise the object(s) under investigation and in omitting the information 
between such landmarks might be thought of as disadvantages of such a method. It is 
important that the landmarks are in some way equivalent between objects (homologous). 
Homology has been described as a 1: 1 correspondence between objects (forms) in some 
biologically meaningful way. Although this is not a problem in the context of this thesis, 
it is sometimes difficult to identify such 'equivalent' landmarks in some studies. A further 
issue arises in the context of different types of landmarks, since by their nature, some can 
be readily located, whereas others can only be approximately identified. Practical 
considerations, therefore, play a role in limiting the number of landmarks that can be 
usefully included in any study. This applies to a certain extent in the mandibular study 
where it is not so much of an issue of inclusion, but more that the landmark points could 
sometimes be difficult to locate. Training and supervision was given to help in the correct 
identification of points however. In addition, when using homologous landmark points to 
determine the geometry of the shape of an object, the boundary information connecting 
these points is of secondary concern. This approach might be considered as flawed if the 
underlying biology appears to be driven by the characteristics of the boundary. Problems 
are presented in cases where no landmarks can be identified in a particular region of an 
object because of a lack of surface features, on particularly smooth areas of bone for 
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example. In this case it is possible to interpolate landmarks according to the locations of 
the homologous landmarks. It is doubtful that such landmarks (usually termed pseudo-
landmarks) can be considered as homologous between forms however, since their location 
relates to mathematical as well as biological constraints. This consideration is important 
in studies that may use several constructed landmarks and this constraint should be 
considered in the analysis of the mandibular data since many intermediate points have 
been defined. Most of the analyses concentrated only on the 19 anatomical landmarks 
however. 
In summary then, we can say that the methods of elliptical Fourier function and 
Procrustes / Bookstein co-ordinates both provide a very useful framework in which to 
describe the size and shape of complex irregular forms like the mandible. The initial 
collection of data is identical no matter which method is used, and the application of each 
method to a set of data, like the mandibular data examined in this thesis, is fairly 
straightforward using such methods. A series of very informative plots are produced in all 
cases and equivalent subjective impressions may be obtained, as they were in this study. 
Each method in its own way provided useful information in describing the size and shape 
of a complex object, like the mandible. Procrustes methods' (including the very useful 
method using Bookstein co-ordinates) is preferred for statistical purposes since it provides 
not only good visual tools but also a parametric framework in which to draw formal 
statistical inferences. 
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Overall, it can be said that there are advantages and limitations to all shape analysis 
procedures (whether landmark-dependent like Procrustes or landmark-free systems like 
Fourier analysis). It is apparent that no single method successfully builds both the 
homologous point information (the landmarks) and the boundary curve information (the 
outline) into a single numerical model. Most methods however are very good descriptors 
of shape, and many can partition the size and shape of a form. The usefulness of any 
particular method in any particular context really depends on the aims of the study. 
There is perhaps a case to be made for the use of more than one method in the description 
of size and shape of complex irregular forms. An investigator could then confirm or 
modify the conclusions drawn by using one technique e.g. EFF, in the light of studies 
using another e.g. Procrustes. It could be argued that such confirmatory analyses should 
form an important part of any morphometric study since all techniques suffer to a certain 
extent from their own peculiar constraints and limitations. 
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Appendix 
A.1 CMA collection form 
The fonn used in the Glasgow Dental Hospital and School to collect information in 
respect to the cranio-facial complex is included. 
A.2 A Lateral skull radiograph 
An example of a lateral skull radiograph is included. 
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A.3 CMA landmarks, planes, angles and distances 
In this section, the definitions of the landmarks, linear distances and angles typically 
calculated in CMA are adapted from' A Textbook of Orthodontics ' hapter 6. 
Cephalometric Landmarks 
The definitions of the cephalometric landmarks as ume that the radiograph is oriented 
with the Frankfort plane horizontal. Many landmarks are bilateral but when the two 
sides are superimposed perfectly, only a single point is identifiable. Where the two 
sides are distinct, both should be traced and the midpoint taken as the landmark. 
Anterior Nasal Spine (ANS) - The lip of the anterior nasal _,pille. Must not be 
confused with the alar cartilages . 
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Articulare (Ar) - The intersection of the posterior border of the neck of the 
mandibular condyle and the lower margin of the posterior cranial base. A constructed 
point used to indicate the position of the mandibular joint relative to the cranial base. 
Basion (Ba) - The most posterior inferior point on the clivus (basiocciput). Represents 
the posterior limit of the midline cranial base. May be difficult to locate due to shadow 
by the occipital condyles. 
Centroid of the upper incisor root (C) - The midpoint on the root axis of the most 
prominent upper incisor. 
Condylion (Cd) - The most superior posterior point on the head of the mandibular 
condyle. Cannot be located reliably on a standard cephalogram due to shadow of 
petrous temporal obscuring condylar head. Articulare is often used as an alternative 
point. 
Gnathion (Gn) - The most inferior point on the mandibular symphysis in the midline. 
Can be located by inspection, or constructed as the intersection of the margin of the 
symphysis with the bisector of the angle between the facial line (N-Pog) and the 
mandibular line (TGi-Me). 
Gonion (Go) - The most inferior point on the angle of the mandible. It may be located 
by inspection or constructed using the bisector of the angle between the ramal line 
(Ar-TGp) and the mandibular line (TGi-Me). Alternatively, can use the constructed 
point TGo. 
Incision inferius (11) - The tip of the crown of the most prominent lower incisor. 
Incision superious (IS) - The tip of the crown of the most prominent upper incisor. 
Infradentale (Id) - The intersection of the alveolar crest and the outline of the most 
prominent mandibular incisor. 
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Menton (Me) - The lowermost point of the mandibular symphysis in the midline. 
Where the chin is grooved, the most inferior points are bilateral but the midline 
contour can be seen slightly above them. 
Nasion (N) - The most anterior point on the frontonasal suture. Care should be taken 
to locate. 
Orbitale (Or) - The most inferior anterior point on the margin of the orbit. Can be 
unreliable. 
Pogonion (pog) - The most anterior point on the bony chin. 
Point A (A) - The most posterior point on the profile of the maxilla between the 
anterior nasal spine and the alveolar crest. Also known as subspinale. Represents the 
anterior limit of the maxillary apical base. Difficult to locate reliably because the soft 
tissues of the cheeks may be superimposed on it. 
Point B (B) - The most posterior point on the profile of the mandible between the chin 
point and the alveolar crest. Also known as supramentale. Represents the anterior 
limit of the mandibular apical base. 
Porion (po) - The uppermost, outermost point on the bony external auditory meatus. 
Can be difficult to locate. 
Posterior Nasal Spine (PNS) - The tip of the posterior nasi spine. Can be constructed 
if obscured by unerupted molars. 
Prosthion (pr) - The intersection of the alveolar crest and the outline of the most 
prominent maxillary incisor. 
Sella (S) - The midpoint of the sella turcica. 
TGi - The inferior tangent point at the angle of the mandible. Identified as the point of 
contact of the tangent to the angle of the mandible that passes through menton. 
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TGp - The posterior tangent point at the angle of the mandible. Identified as the point 
of contact of the tangent to the angle of the mandible that passes through articulare. 
TGo - The intersection of the lines Me-TG; and Ar-TG;. Constructed point that can be 
used as an alternative to gonion. 
Reference Lines 
The true horizontal - If the patient can be posed with the head in the natural position 
when the radiograph is taken then the true horizontal may be identified . The problem 
lies in posing the patient reliably . Can be time consuming and is seldom done. Would 
be useful for the assessment of anteroposterior jaw relationships if could master 
positioning. 
1. Frankfort plane - Passes through porion and orbitale. Defined at a conference of 
craniometrists held in Frankfort (1884) as approximating to the true horizontal 
when the head is held in the normal postural position . Designed to allow for 
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comparison of the skulls of different species, and race of man. Subsequently 
adopted for use in cephalometric analysis. 
2. Sella -nasion line - This line is taken to represent the anterior cranial base, which 
undergoes little change from growth or remodelling after about 6 years of age 
when the sphenoethmoidal synchondrosis fuses. Valuable baseline in the 
measurement and comparison of jaw relationships between individuals and within 
the ine case at different ages. When jaw relationships are measured relative to the 
SN line it is important to recognise that variations in its orientation and in the 
position of nasion in particular, can give false impressions of the true relationships. 
3. De Coster's line - This follows the floor of the anterior cranial base close to the 
midline from the anterior margin of the ethmoid bone to sella turcica. Useful for 
superimposition of serial radiographs taken after 7 years of age. 
4. Maxillary plane - ANS to PNS - The inclination of the upper InCISOrS IS 
commonly measured to this line. 
5. Mandibular plane - Defined in a number of different ways; the anterior landmark 
may be menton or gnathion and the posterior landmark may be TGo or gonion. The 
inclination of the lower incisors is measured to this line; and its angulation to the 
maxillary line gives a measure of lower anterior face height. TGo to menton is used 
here. 
6. Occlusal plane - As with the mandibular line, the occlusal line can be defined in 
different ways. Can be defined as the line passing midway between the tips of the 
mesiobuccal cusps of the upper and lower first pennanent molars, and the lower 
incisor edges. This may give an unreliable assessment of the general line of the 
occlusion when there is deep overbite. The functional occlusal plane (FOP) tends 
to be useful for most purposes where, it passes through the occlusion of the 
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premolars or deciduous molars and the first permanent molars. The cuspal outlines 
of these teeth may not be clear and it is sometimes difficult to locate the FOP 
accurately, particularly in mixed dentition. Important to recognise that whatever 
occlusal plane is used, its orientation may change with growth or treatment and it 
is therefore not an entirely satisfactory reference. 
7. The Facial plane (N-Pog) - This line has been used to help assess the facial 
profile. The angle of the facial line to the Frankfort horizontal (the facial angle) 
indicates whether ones profile is prognathic, retrognathic, or orthognathic I.e. 
protrusive, retrusive or upright. Basically, sticks out, in or normal. 
8. The Line from Point A to Pogonion (A-Pog) - This line has been used to measure 
the anteroposterior position of the crowns of the incisor teeth. 
Skeletal Measurements - Angles, ratios and linear distances 
Obviously, if a measurement is to be intelligible, its average value and range of 
variation must be known. Most linear and some angular measurements vary according 
to age, sex, race and so for these, many different 'norm' values are required. The 
cephalometric 'norms' as defined in 'A textbook of Orthodontics' are given in 
brackets, (in degrees for angles, % for ratios or mm for linear distances). These values 
are Caucasian and are derived from a number of groups of individuals with normal 
occlusions. 
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1. Angle S-N-A (82 ± 3 degrees) -Prognathism of the maxil/aryapical base. 
2. Angle S-N-B (79 ± 3 degrees) - Prognathism of the mandibular dental base. 
3. Angle A-N-B (3 ± I degrees) - The anteroposterior apical base relationship 
(skeletal pattern). 
4. Angle S-N-Pog (80 ± 3 degrees) - Mandibular prognathism. 
5. Angle A-BIFOP (90 ± 5 degrees) - Measures the apical base by reference to the 
FOP. 
6. Mx-Mn or MM angle (27 ± 5 degrees) - Maxillary-mandibular planes angle. 
Provides a measure of the divergence of the intermaxillary space anteriorly. 
7. FM angle (27 ± 5 degrees) - Frankfort-mandibular plane angle. Highly correlated 
with the MM angle. Little point in measuring both. Can be measured clinically, but 
is less reliable than the MM angle. 
8. Ar-TG/TG,-Me (126 ± 5 degrees) - Gonial angle . Essentially measures the slope 
of the mandibular plane since the slope of the posterior border of the mandibular 
ramus varies little. Therefore, it is highly correlated with the MM angle and there 
is little point in measuring both . 
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9. Me-MxIN-Me (50-55%) - Face height ratio. Used to estimate the anterior 
intermaxillary height. 
Dentoskeletal Measurements - Angles, ratios and linear distances 
I . UI/Mx (108 ± 5 degrees) - Upper incisor 10 maxillary plane angle. Measurement 
of this inclination detennines the types of tooth movement required to correct any 
anomalies in the incisor relationships . 
2. LIIMn (92 ± 5 degrees) - Lower incisor to mandibular plane angle. The lower 
incisor angulation should not be interpreted without reference to other variables 
which have an effect on the angle. For example, the balance between the lips and 
the tongue influences the labiolingual position of the crowns of the lower incisors 
and therefore their inclination . The average and range of variation here is 
appropriate only where the maxillary mandibular planes angle and skeletal pattern 
are within normal limits . 
3. VIlLI (133 ± 10 degrees) - Inlerincisor angle. Associated with the depth of the 
overbite when there is incisor contact. 
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4. E -t.. A-Pog (0 - 2 mm) - Lower incisor edge to A-Pog distance. In well balanced 
faces with good occlusions, the lower incisor edge lies on or close to the A-Pog 
line. 
5. E -t.. C t (0 - 2 mm) - Lower incisor edge to upper incisor centroid distance. 
Closely associated with overbite depth - the further behind the centroid the lower 
edge lies, the deeper the overbite is liable to be (except if the overbite is 
incomplete). 
6. FOPlMx (10 ± 4 degrees) - Functional occlusal plane to maxillary plane angle. 
Correlated with the divergence of the intennaxillary space (MM: angle). 
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A.4 An original tracing ready for digitisation 
An original tracing which has been prepared according the protocol outlined in Chapter 3 
is included. 
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